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(Tt DMI College of Engineering -Palanchur
k? MA3151 -MATRICES AND CALCULUS

Unit-1 - MATRICES
PART-A

>

Unit-1/ Matrices

A matrix is simply a set of numbers arranged in a rectangular pattern.
Types of Matrices:

A matrix having only one row is called a row matrix. Thus A = [ajj]mxn IS & row
matrix if m = 1.

Ex. A=[1245]is row matrix of order 1 x 4.

A matrix having only one column is called a column matrix. Thus,

A = [ajj]mxn s @ column matrix if n = 1.

1
Ex. A =|2|iscolumn matrix of order 3 x 1.
4
If in a matrix all the elements are zero then it is called a zero matrix
10 O
ExA = [0 0]

If in a matrix there is only element then it is called singleton matrix.
Ex A =[2],B = [a],

If the number of rows and the number of columns in a matrix are equal, then
it is called a square matrix.

Eigenvalues and Eigenvectors:

Linear equations Ax= b come from steady state problems. Eigen values have their
greatest importance in dynamic problems. This chapter enters a new part of linear
algebra, based on Ax= 1 x. All matrices in this chapter are square. Where A is a
eigen values and x is a eigen vectors. The Characteristic equation isdet|A - 2l | =0
involves only 4 notin x. Its roots are called eigenvalues and (A— A1)X=0
corresponding eigenvectors.
Properties:

e Let AbeaK x K square matrix. A scalar 4 is an eigenvalue of A have the

same eigen value of AT.

e The diagonal elements of a triangular matrix are equal to its eigenvalues.

e Sum of the eigen values(Trace of A) = sum of the main diagonal elements

e Product of the eigen values = Determinant of A= |A |

e Eigen values of A = Diagonal elements of triangular matrix(Upper or Lower)




If X1, %2X3 ... ... ... .%, are eigenvalues of an nxn matrix A, then

NEXE XS ... ... X" are the eigenvalues of A".

Cayley — Hamilton Theorem:

Every squarematrix statistics its own characteristic equation.

Find the sum and product of the eigen values of matrix A = i ; ;]
1 2 3
Sol:
Sum of the eigen values = sum of the main diagonal elements= 1+2+3 =6
Product of the Eigen valves =1A|
=1(2) - 1 (1)+1(0)
=1

The characteristic equation of a matrix A is x2— 2 = 0, whit is A%?

Sol:
The char. equation of A'is
x2—2=0
A? -2 =0 [By CHT]
Premultiply by A
A3 —24=0 =43 =24
3 10 5
If 2, 3 are eigen values of 4 = <—2 -3 —4) then find the third eigen
3 5 7
value.
Sol:

Given x;=2,x,=3

By Property,

Sum of the eigen values = Sum of diagonal elements
PR PO oD\ =3-3+7

2+ 34, =3-3+7=7

XNg= 2




-1 0 0
4. Given[ 2 -3 0], find the eigen values of A%
1 4 2

Sol:

By Property,

Eigen value of A = Diagonal elements of triangular matrix
Hence the eigen values A are -1, -3, 2

By Property,

Eigen value of A%are (-1)% (-3)% (2)?, 1,9, 4.

2 1 2
Find the sum and product of the eigen values of matrixA =1 3 1 ]
2 1 -6

Sol:
Sum of the eigen values = 2+3 —6= -1
Product of the eigen values = |A|
=2 (-19) -1(-8)+2(-5)
=-40
Write the matrix of the Quadratic form 4x?+ 2y*— 3z%+ 2xy + 4xz

Solution

4 1 2
Matrix of the Quadratic form {1 2 O).

2 0 -3
[fX1,22X3 ... ... ...x, @re eigenvalues of an nxn matrix A, then show that
X3 x3x3,.........x3 are the eigenvalues of A®.
Solution
By defndx, =x, >y .cccco.... @®

Premulting by A in @
A(A%x,) = A(n, x,) X ,IiS a eigin values
A(Axr) ==, (Ax,) by®
A2xp =xp (N ny)
A%x, =22 x,

3, —s3
A’x, =25 x,




10.

11.

6 -2 2
The product of two eigenvalues of the matrix4 = <—2 3 —1)is 16.

Find the 3"eigen value.

Solution
Product of the eigenvalues of A = |A4]|
Given x;x,=16  (ic) xyx,x3=|A]16 x3=6(9—1) + 2(—6+2)+ 2(2—-6)

[6 x;=32
XNg= 2
Verify cayley’s — Hamilton theorem for A = (_31 _51)

Solution
[A=>I|=0=x?-8x+14=0

poanra=(2 8- 0 0)=C Y=o

Determine the nature of the Quadratic form 2x% + 2y? — 3z2 + 2xy — 4xz +

2y7.

Solution

2 1 -2
The matrix ofthe Q.Fis| 1 2 1
-2 1 -3

D;=12|>0

_12 1] _ _
D2—|1 |=4-1=3>0

2 1 -2
D;=|1 2 1|=2(-6-1)—-1(-3+2)—2(1+4)
-2 1 -3
2(-7) - 1(-1) - 2(5)
14+1-10
—-23<0

=~ The given Quadratic form is indefinite.

If the sum of two eigen values and trace of 3x3 matrix A are equal. Find the

value of |A]|.

Solution

Let ;1,222 3 he the eigen values of the matrix A




12.

13.

14.

Given:
Sum of two eigen value = Trace of the matrix A
N N VT W
x3=0
Product of the eigenvalues |A] =x;x;x3=0 = |4]0.

Find the characteristic ruots of the orthogonal matrix (Z‘;;z ;fg;ﬁ)and verify

that they are of unit modules.
Solution

2= (e coss)

The Char. Equationis |[A = I| =0

|COS.9 —>  —sind | =0x%—2xcos8+1=0
sind CcOS —X
V410529 — 4
N=2c0s0 £+ ———— = cos0 *x isinf

2
~The Char roots are cos6 =+ isin8|x| = |cos8 =+ isind| = Vcos?6 + sin?6 = 1.
Prove that two similar matrices have the same eigen value.
Solution
Let A and B be two similar matrices. Then by definition B = P~1AP
B—x1=P1AP —x1
PTIAP — P71 1IP

P 1(A-X1DP
|B —x 11 =P~*||A =X I]IP|
[A—=xTI]|P~P|
|[A—x1I|

Thus A and B have the same characteristic equations.

~ A and B have the same eigen values.

4 . . (5 4 . .
If (1) is an eigen vector of the matrix (1 2) then find the corresponding
eigen value.
Solution

x=(p)a=( )

Corresponding eigen vector (A —x )X =0




Y 25)0=0)
5-x)4+4=020—-4x+4=0 4x=24 »=6
44+(2—->)1=0 —x=—-4-2=-6,2=6

6 -2 2
15. . The product of two Eigen values of the matrix A=|-2 3 —1]is 16. Find the
2 -1 3
third Eigen value.

Solution:

Let the Eigen value of the matrix A be 4, 4,, 4,

Given 4,4, =16

We know that 4,4,4; = |A
6 -2 2

AL =12 3 =1 =6(9-1)+2(—6+2)+2(2-6)=6(8)+2(—4)+2(-4)
2 -1 3

=48-8-8=32

A A0 =32 :>1613=32:>A3=%=2

3

16. Two of the Eigen values of A={-1 5

1

-1 1
—1|are 3 and 6. Find the Eigen values
-1 3

of A,

Solution:
Sum of the Eigen value =3+5+3=11
Let k be the third Eigen value

S3+6+k=11
9+k=11
k=2
.. The Eigen value of A™are lll
236
17. State Cayley — Hamilton theorem.

Statement:
Every square matrix satisfies its own characteristic equation.

18. Write the matrix of the quadratic form 2x* +8z° +4xy +10xz —2yz
Solution:




coeff x* %coeff Xy %coeff Xz

Q= %coeff yx  coeff y? %coeff yz

%coeff ZX %coeff zy  coeff z°

[2 2 5

Q=2 0 -1
|5 -1 8
19. Determine the nature of the following quadratic form f (x,,x,,X;) = X, +2x,
Solution:

The matrix of the Q. Fis

coeff x,° %coeff X, X, %coeﬂ‘ X, X

Q= %coeff XX, coeff x,” %coeff X, X, | =

o O B
o N O
o O O

%coeff X, X, %coeff XX,  coeff x?

10
D, =[l|=1 (+ve) D,= 0 o=2 (+Vve) |D,y|=0

. The Q. F is said to be positive semi definite. Or one eigen value is zero others positive
valus then its positive semi definite

o NN
o1 © ol

1
20. . Find the sum of the squares of the Eigen values of | 0
0

Solution:
Eigen values are 1, 2, and 5

Sum of the squares 12 + 2% +52 =30
21. Write the matrix of the quadratic form Q(x,y) = 3x°+2y’—4xy
Solution:

3 -2
A=
o
. . . 1 2
22. Find the Eigen values of A?, given A:{O }

3

Solution:
Eigen values of A are 1 and 3

Eigen values of A?=1,9

D W N
~N B~ ol

1
23. Find the sum and product of Eigen value of A=|2
3

Solution:
Sum of Eigenvalues=1+3+7=11




Product of Eigen values = |A[=8
24. . Write down the matrix corresponding to the quadratic form
2X2 +2y? +32° + 2xy —4zx - 4yz
Solution:
2 1 =2
Q=11 2 =2
-2 -2 3
25. Discuss the nature of quadratic form for 2xy +2yz + 2zx

Solution:
011

A=|1 0 1|andD, =0, D,=-1<0,D,=2>0
110
It is indefinite in nature.

26. For what of k, the vectorsX =(1 2 3), Y=(2 -1 k)andZ=(1 0 -1) are

linearly dependent.

Solution:
1 2 3

If|2 -1 k{=0=1-2(-2-k)+3(1))=0 =2k+8=0=k=—4
1 0 -1

If k =—4the vectors are dependent

3
27. . 1fX = L} is the Eigen vector of a matrix A, find the Eigen vector of A™
Solution:

3
A'is also having the same Eigen vector L}

28. Using Cayley — Hamilton theorem, is it possible to find the inverse of all square
matrices? Explain.

Solution:

Not possible. [Since inverse is possible only for a non — singular matrix]
8 -6 2

29. If 3 and 5 are the two Eigen valuesof A=| -6 7 -4, then find|A|
2 -4 3

Solution:

3+5+4=8+7+31=10

- |A|=3x5x10=150
3 -1 1 1

30.. If one of the Eigen vectors of A=| -1 5 -1lis | 0 | then find the
1 -1 3 -1

corresponding Eigen value.
Solution:




AL =AXGives 1 =2
31. . If the Eigen value of A are 2, 3, and 4. Find the Eigen values of Adj A.
Solution:
Eigen values of Adj A = Eigen values |A|A™
..Eigen values of Adj A are 12,8, 6
32. . Find the index, signature and nature of the quadratic form x? +2x —3x}

Solution:

Index = Number of positive square terms in the canonical (given) form = 2.

Signature = Difference between the number of positive square terms and the negative
Square terms in the canonical form=2-1=1

Since the Eigen values are 1, 2, -3 (mixed up with positive and negative) the quadratic
form is indefinite.




Il Differential Calculus

Part-A

1. Find the domain of f(x) = /2 - VX

Solution:
f(x)isreal if2— vx>0
= 2> VX
= X <4,

Therefore the domain of f(x) = [0, 4].

) ) X2 -1
. Find the domain of f(x) = .
. X+1
Solution:
(x+1(x-1)
Xx+1
= f(X)=x-1

f(x) =

Therefore the domain of f(X) is (—co, o).

. Find the domain and range of f(x) =
2+ Vx-1.
Solution:
f(x)isrealif x—1>0
=Xx>1
Therefore the domain of f(X) is [1, o).
To find the range, let

y=2+ Vx-1
=>y-2=Vx-1

=(y-22=x-1,
a parabola with vertex (1,2) and
symmetric about x-axis.
Since y = 2+ Vx— 1, this corresponds to
the upper half of the parabola.
Therefore the range of f(X) is [2, o).

. State vertical line test.

Solution: A curve in the xy-plane is
the graph of a function of x if and only
if no vertical line intersects the curve

more than once.

. Determine the nature of the following

functions.
@ODFf(X) = 1-x* G)f(x) = x° - x
(iii) f(x) = 2x — X2.
Solution:
G. fx=1-x*

f(-x)=1-(-x)*=1-x*= f(x).

.. f(X) = 1 - x*is an even function.
(). fx)=x-x

f(=X) = (-X)° = (=X) = —=X° + X
=-(xX-x) =-f(x).

- f(X) = X° - xis an odd function.
(ii). f(x) =2x— X2

f(—=X) = 2(-X) — (-X)? = —=2x - ¥?

= —(2x + X).

. £(X) = 2x — ¥ is neither even

nor odd.
2 _
. Evaluate Iim M
Xx—0 X
Soluétioné o 2 2_
lim GFX" =9 _ i 8%~
Xx—0 X X—0 X
:“m(3+x+3)(3+x—3)
x—0 X
_lim X(X + 6)
x—0 X

= lim(x+ 6) = 6.
x—0

. Find limg(x) where
X—

x+1 ifx#1
g(x) = :
m, ifx=1
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10.

Solution: At x=1,g(X) = =.
But LI—Q g(x) does not depend on the
value of g(x) at x = 1.
Slimg(x) = lim(x + 1)
x—1 x—1

=2

. Sketch the graph of the function f(x) =

x+1, if x<-1
x2, if -1<x<1 and use it to
2-x if x>1

determine the value of a for which

lim f(X) exists.
X—a

Solution:
From the a = -1 are
graph, limf(x) different.
X—a
exists

for all a except
a =

Y

$\

1

the left and Rnen 2\\4 >X
right limits at / l:

-3

-1, since

I (X)) = % x # 0, find Iirg f(x) and
X—0~
Ilry f(X).
X—0*t

X

Solution: Given f(x) = =

i if x>0
—, ifx<0
X
1, ifx>0
-1, ifx<0
f(X) is not defined at x = 0 but defined
in the neighborhood of 0.
I|m f(x) = I|m M = lim X_ 1
-0t X x—0" X
lim £(x) = lim P im =X 2,
x-0- X  x-0 X
State squeeze theorem.(Sandwich

theorem/Pinching theorem).
Solution:

If f(X) < g(X) < h(X), where X is near

11.

12.

13.

14.

15.

a(except possibly at a) and
lim f(X) = limh(x) = L, then
X—a X—a

limg(x) =L
X—a
o, 1
Show that limx¢sin|=] = 0.
x—0 X

Proof:
. (1)
xsin| -
X .
= limx

I|mx sin = lim
x—0 X x—0 1 Xx—0
X

Cotim 39 _ gy
6—0 6@
If 4x— 9 < f(X) < X% — 4x+ 7 for x > O find

!(i_r)lj1 f(X) using squeeze theorem.
Solution: Let g(x) = 4x—-9 and
h(x) = X — 4x + 7.

me(x) = Li_r)q4x— 9=7&

limg(x) = me2—4x+ 7=7
We see that f(x) is squeezed between
0(x) & h(x) near x = 4.
Since g(x) & h(x) have the same limit 7
at X = 4, by squeeze theorem f(x) also
has the limit 7.
Evaluate lim A+ 5x+ 6

x—c0 3X2 + 4X + 5
Solution:

4% +5X+6

B 4

-3
State intermediate value theorem.
Solution: Suppose that f is

continuous on the closed interval [a,b]
and let N be any number between f(a)
and f(b), where f(a) # f(b). Then there
exists a number C in (a b) such that
f(C) =

X2 + 5x

Test the continuity of f(x) = CTERE



16.

17.

18.

X=2. )
. . . Xe+5x
Solution: Ll_)n;f(x) = Ll_)n; |
_4+10 14
441 5

¥ +5x _4+10 14

2x+1 4+1 5°

Since Iirr;f(x) =12 = T We see that
X—

Also f(2) =

f(X) is continuous at x = 2.

Test the continuity at x = 3 for
2x° -5x-3 .
——, ifx#3
f(X) = X—3
6, if x=3
2— f—
Solution: lim f(x) = lim w
X—3 X—3 X—3
i @03
X—3 X—3
=7
and f(3) =6

Iirr; f(x) # 1(3),
X—
.. f(X) is discontinuous at x = 3.

Does the curve y = x* — 2x* + 2 have any
horizontal tangents ? If so, where ?

Solution: The horizontal tangents

occur when d_y =0.
dx

Now,d—zl(:4x3—4x:4x(x2—1):0

d

= X=0o0r x=+1.
Therefore the curve y = x*—2x?>+2 has
horizontal tangents at x = 0,1, -1. The
corresponding points on the curve are
(0,2),(1,1) and (-1,1).

For what value of ais

(-1 ifx<3

f(X) = continuous on

2ax, ifx>3
(~c0, 00).
solution:
Let f(X) be continuous everywhere.
= f is continuous at x = 3,
s lim f(x) = (3)
X—3

= Ji £ = Jim 109 = 13

19.

20.

21.

22.

lim f(x) = limx*-1=8
X—3" X—3-

lim f(X) = lim 2ax = 6a
X—3+ X—3*

= f(3) = 6a
;.6a=8
= a= 4
=3

Find the equation of the tangent line to
the parabola y = x? at (1, 1).
solution:
Given a=1and f(x) = ¥
~f@=1
Slope m = lim &+ N = 1@
"0 - f
o faen - £
h—0 5]
h—0 h

lim(h + 2
_hl—rjc])( +2)

The equation of the tangent line
through (1,1) is

y—y1=mX-xp)
y—1=2(x-1)
=>y=2x-1

If f ’(X) exists, then lim f(X) = f(a). True
or false? e

Solution:True, since differentiability
implies continuity.

Give an example of a function which is
continuous at ‘a’ but not differentiable
at‘a.
Solution:

Consider f(x) = |X.

f(X) = |X| is continuous at x = 0,
since !(I_r)r(]) f(x) = LET(])IXI = 0 but is not
differentiable at x = 0.

Evaluate Iim m.
T (m —2x)2

2
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Solution:
lim 1+cCOS2X - 2c0s?X
T (r-2X2 W (m-2X)?
X—>72r ﬂ).(—>2
LetX:§+yas X—>§,y—>0.
i Lrcos2x . 2cos” x
'X T (- 2%)? _X T (7 — 2X)?
2 2
Zcosz(z)
_Ilm—
20 (x - 2( +Y))?
. 2sin’y
_LI—rB 4y?
_ 1. sy,
B 2!1‘—»0( y )
sny,
~
Z(yljg y —)
1 1
=z12=Z.
2 2

23. If cis a constant, prove that i(C) =0

d
Proof: Let f(x) =c X
f(x+h) - f(x)

f (X):le h
c—-¢C 0
M~ =My =0
. cos6-1
24. Prove that Ielr‘rg =0
Proof:
. cosf—-1 . cosf—1cosé+1
lim =lim .
6—0 0 6—0 0 cosf + 1
cosg -1
=lim——
¢—0 6(cosé + 1)
_ljm S0
-0 6(cosh + 1)
. siné sinéd
=—lim— xlim—
6—0 6  6-0(cosO + 1)
0
=-1x——=0
1+1
im&0=1 g
6—0 6

25. At what point on the curve y = €, is the
tangent line parallel to the line y = 2x.
Solution: Giveny=¢" = y =€~

Slope of the tangent at x = €~
Since the tangent line is parallel to the
line y = 2X, slope of the tangent = 2.

Thatise*=2 — x=log2
When x = log2, y = €%92 =2
.. The required point is (log2, 2).

26. If \/x+ X+ VX + -0, find 3—2/(

Solution:

Given \/x+ A X+ VXF .
Lety= VX+y=Yy> = X+Y.
Differentiating with respect to X,

we get g q
y ay
ydx 1+ dx

dy dy

dy

= (2y - 1)d—X =1

dy__1
dx 2y-1

27. Find %((sin x)cosx
Solution: Let y = (sin x)®%*
Take logarithms on both sides, we get
logy = log(sin x)®*
= cosX.log(sinx)
leferentiating with respect to X, we get

dy 1
de cosx—Sl cos X + log(sin x).(— sinx)
= 95X gnx log(sinx
T -10g
_dy  [cos?x :
o =Y Sy —smx.log(smx)]

e cosx | COSTX :
= (sinx [—sinx smx.log(smx)]
28. Find the derivative of

(). xtan(+/X) or xtan™t /X
(if). (1 + ) tanL(x)

Solution:
@(i). Let y = xtan™1(Vx)
dy 1 1 .
ix = x.1+(\/_)2.2\/_ +tan"t(VX).1

\/_
T 21+ %)

+ tan (V).



29.

30.

31.

(ii). Lety = (1 + x®)tan1x
dy 5 1

Z =01 .
dx (+X)1+x2
=1+ 2xtan"1 x.

+tan~t x.2x

If f(x) = x*5(1 - %)™, x € [0,1], find the
point at which f(X) is maximum.
Solution: Given f(x) = x°(1 - x)™®

f/(x) = x2.75(1 - )™ (-1) + (1 - )" .25x*

=x*(1 - X [-75x + 25(1 - X)]

= x**(1-x)"[25 - 100X]

=25x%4(1-x)" (1 - 4%)

= -25x* (x - 1) (4x - 1)

= —100x%* (x — 1)™ (x - %) .
If x > %,f ’(X) < 0and
ifx<%,f '(X) >0

. f has maximum at x = %1

Find the absolute maximum of f(x) =
2

X3 on [-2,3].

Solution:Given f(x) = X5

2
33

2
f ’ = —X3 =
= (X 3x 3
f /(0) does not exist.
.. X = 01is a critical point. = f(0) = 0.

1
3

f(-2) = (-2)3 = [(-2?]" = V4 or 45

2 1 1
f(3) = (3)3 = (3%)° = V9 or 95,
which is the absolute maximum.

Find the maximum value of the product
of the numbers whose sum is 12.
Solution:Let X,y be the numbers such
that x+y=12=>y=12-x
Let p=xy
=x(12 - X) = 12x — X
dp

=12 -2x
dx X
dp
&_O
= 12-2x=0
= X=6
2
d p:—2<O

a2

-, pis maximum aty =6
.. The maximum value = xy = 6(6) = 36.

32. Determine the critical points of the
function f(x) = x* - 2x2 + 3
Solution: Given f(x) = x* —2x2 + 3
= f’(X) = 4% - 4x
f'x)=0
=43 -4x=0
= 4x(¥-1) =0
= 4xX(x-1)(x+1) =0
=x=0,1,-1
.. The critical points are x = -1, x = 0,
x=1

33. Using first derivative test, examine
the maximum and minimum of f(Xx) =
sin’x, 0< X< 7.

Solution:
Given f(x) = Sin’x
= f ’(X) = 2sinxcosx = sin2x
Critical points are occurs at
f'(x)=0
= sn2x=0

=2X=0o0or2x=nm

by
S X=0o0r x=—=
or > ]
.. The critical points are X =0or X = >
Interval | sin2x | f’(X) f
T .
O<x< > + + increases
b
in (0, _)
m ( >
T
X > > - - decreases
in (ﬂ )
-, T
2’

Since f ’ changes from positive to
negative at x = g, f has a maximum

bis
tXx=—-.
a 5 ]
o, Maximum value f = f(z)
— §n? 5)21
Sn (2 .



1.

UNIT = 1l FUNCTIONS OF SEVERAL VARIABLES
PART - A

z
If u=%+;,find the value ofxa—)l'('+ y@+ z@

oy oz

. R 7
Solution: Given u = X+

=< |

Find % when u=x*+y?, x=t3 y=t?
Solution:

u=x*+y? x=t3 y=t

du oudx oudy

- = 4 7

dt  ox dt oy dt

a—u:2x d—X:Bt2

OX dt

@:Zy Q:Zt

oy dt

?j—‘: = 2x(3t* )+ 2y (2t) = 6xt” + 4yt

du 5. 2 oy 372 ey 43 42

E—Gtt +4t%t= 2t 3(3t? +2) (wx=t* y=t})
3 3 2 . du

Ifu=x"+vy andx=at,y=2at,f|nda (

Solution:

Given u= x>+ y®and x = at?, y = 2at
du_ou ok ou dy

dt ox dt oy dt

ou dx

— =3x? == =2at
OX dt



ax_ 3y? &y =2a
dt dt
3—: = (3x%)(2at) + (3y*)(2a) = (3(at*)?)(2at) + (3)(2at)*(2a) ( x=at’, y= 2at)

= 6a’t® + 24a’t? = 6a’t?(t°+ 4)

. dy
If XY +vy*=c,find ==
y dx

Solution: Let f(x,y)=x"+y*—c
of

_ -1 X af_ x-1 d X\ _ AX
&__yxy +y*logy 5_xylogx+xy ( &(a )—a Ioga)

dy  offox _ (yxy1+yxlogy]

dx  offay | X logx+ xy**
Findg—i if 3x* +Xxy—y? +4x—2y+1=0

Solution: Let f(x,y)=3x*+xy—y*+4x—2y+1

dy — of /ox :_(6x+ y+4j

dx  of /oy X—2y—2

Find Z—ltj ifu=xy+yz+zx wherex=t,y=e',z=t>

Solution:

du ou dx ou dy ou dz
dt o dt oy dt oz dt =(y+2)@)+(x+2)(e')+ (y+x)(21)

=3t* +e (1+3t+t )

Find(zlj—ltJ , if u=log(x* +y*+z*)wherex=e¢"' ,y =sint, z =cost

Solution:
du ou dx ou dy ou dz

dt ox dt oy dt oz dt

= %} (2x)(-¢™) J{%
X

X +y +z +y+z

](Zy)(cost)+(%}(22)(—sint)
X2 +y2+z

= %)[(X(—X)WZ—ZY]

X2+ Yy +2

—2e™ —2e™
(e +sin’t+cos” tj B (em +1]

State the properties of Jacobian.

Solution:

(i) Ifuandvare functions of rands, r and s are functions of x and y then,
o(u,v) o(r,s) o(u,v)
Ars) A\ AN




i) If uand v are functions of x and y then, 2—="2 “\"™77 =17 (j.e =1
(ii) I1f uand v are functions of x and y then, 9(U:¥) O(X.Y) (ie) 33
o(x,y) o(u,v)

(iii) If u,v,w are functionly dependent functions of three independent variable x,y,z then
o(u,v,w) _
o(xy.z)
If x=u?-v?and y=2uv, find the jacobian of x and y with respect to u and v
oX OX
o(x.y) _ u v
o(uv) |y o
ou ov
=4(U? +Vv?)

10 Ifx=uvandy= %find g((ﬁ 3/))

2u —-2v
2V 2u

Solution:

Solution:
OX OX

o(x,y) _|ou ov|_
ou,v) |oy o
ou ov

If x=rcos@, y=rsin@ then find o(r.0)
o(x, )
Solution:

OX OX
o(x.y) _ or 00 _
or,0) |y oy

or 06
o) 1 1
T y) o(%Yy) r
o(r,0)

2X—Y

cos@ -rsinéd
sind rcosé

v=2 fing&4Y)
2 o(X,Y)

ou ou
Solution: d(u,v) |ox oy
o(x,y) |v v
oXx oy

Ifu=

If u=cos™ [&] show that xa—u + y%u = 1cotu

\/;4_\/9 OX 2
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Vx+ly x+y

Cos u is aa homogeneous function of degree% inxandy.

Therefore, by Euler’s theorem we get,

(leos) | oleos) 1o
OX oy 2

x(—sin u)a—u+ y(-sin u)a—u = 1cosu
OX oy 2

] ou ou 1
—sinuf X—+Yy— |==cosu
OX oX 2

ou ou 1 cosu 1
X—tyYy—=>——7""= ——cotu

oX ~ oX 2 sinu 2
Find Taylor’s series expansion of x ¥ near the point (1,1) up to first degree terms.
Solution:

f(x.y) = f(a ,b) + [(x-a) f«(a ,b) + (y-b) fy(a .b)]+...

f(x,y) =¥, f(1,1)=1
fo(x,y)=yx f(1,1)=1
fy(x,y) = x”logx , fy(1,1)=0
f(x,y)= 1+ (x-1) (1) + (y-1) (0) +...
XY= x+...

Obtain Taylor’s series expansion of e**Yin powers of x and y upto first degree terms.
Solution:
fox,y)=e™, fux,y)=e, fixy)=e")
f(0,0)=1, f(0,0)=1,  f,(0,0)=1.
~f(xy) =f(a ,b) + (x-a) fx(a ,b) + (y-b) fy(a ,b)+...
AL(0,0), f(x.,y) =f(0,0) + (x) fx(0,0) + () F (0 ,0)+...
e = l+x+y+...

Expand e*cosy in Taylor’s series in powers of X and y up to terms of first degree.
Solution:

f(x,y) =e€*cosy, f(0,0)=1
f(x,y) = e*cosy , f(0,0)=1
fy(x,y) = —€*siny, fy(0,0) =O0.

- f(x.y) = f(a ,b) + [(x-a) f «(a ,b) + (y-b) fy(a ,b)*...]
At (0,0), f(x,y) =f(0,0) + (x) f (0 ,0) + () f,(0 ,0)+...
e*cosy =1+ x+...

State the conditions for maxima and minima of f (X, y).

Solution:
If f, (a,b) =0, f, (a,b)=0and f ,, (a,b)= A, f,, (ab)=B, f, (ab)=Cthen



18.

19.

20.

(i) f (x,y) is maximum value at (a,b)if AC—B? >0and A<0
i) f(xy) is minimum value at (a,b)if AC - B2 >0and A>0

Find the maxima and minima of f(x,y) = x* + y? + 6x +12
Solution:
fk=2x+6=0 =x=-3; f;=2y=0 =y=0.
The stationary point is (-3,0).
A=fw=2; B=fy=0; C=fy=2,
AC-B*=4>0and A>0.
~.f is minimum at (-3,0) and the minimum value is
f (-3,0) = (-3)% + 0% + 6(-3 )+12=21-18=3.

Find the possible extreme point of f (x,y)= x + y? +§+g

y

Solution:
f(x,y):x2+y2+—+g

y
i=2x—£; q=0 = x=1
OX X2 o
T oy-2; L gy
oy yo oy

. The possible extreme point is (1,1).

Find the stationary points of f(x,y)=x*-3y+y®-12x+20

Solution:

f(xy)=3x*-12=0,, f(x,y)=3y’-3=0.
3x?-12=0 3y?-3=0
= x?-4=0 , = y?-1=0
> X =4=x=%2 =>y=%1

.. The stationary point is (2,1),(2,-1),(-2,1)(-2,-1).



UNIT IV - INTEGRAL CALCULUS
PART-A

Integral calculus is a branch of calculus that deals with the concept of integration.
Integration is essentially the reverse process of differentiation, and it is used to

calculate quantities such as areas, volumes, and accumulated quantities like distance,
velocity, and more. It has many practical applications in science, engineering, economics

and various other fields.

Definite and Indefinite Integrals: There are two main types of integrals - definite and
indefinite integrals. An indefinite integral, denoted by [f(x)dXx, represents a family of
functions that have the same derivative (up to a constant). It is often written as F(x) + C,
where F(x) is an antiderivative of f(x) (a function whose derivative is f(x)),

and C is the constant of integration.

Application: Area and Volume Calculations: One of the fundamental applications of integration
is in calculating areas under curves and volumes of irregularly shaped objects.
For example, you can use integration to find the area under a curve in a graph or the

volume of a three-dimensional object.

State the fundamental theorem of calculus.
Solution: Suppose f is continuous on [a, b]

e If g(x) =j. f(t)dt, then g (x) = f(x)

b
J j f (X)dx = F(b) — F(a), where Fisanyantiderivatives of f,thatisF'= f.

State the properties of Integrals.
Solution:

(i) If k is any constant, thenjk f (x)dx :kJ' f (x)dx
(ii) If f(x)andg(x)are anytwofunctions in x then I[f (x)+g(x)]dx:j f (x)dx+jg(x)dx



State the properties of definite integrals.
Solution:

(i)If f(x)is odd functlonofxthenj x)dx =0

—a

(i) If f (x)is even function of x thenJ‘ x)dx = 2J'

—a

2 2
What is wrong with the equation I%dx = {_—2} =
-1 -1

3,
X2 2

Solution: The given function —; is not continuous at x = 0. Hence the given integration aoes not
X

exist. [By the fundamental theorem of calculus] i. e. the function f(x) has infinite discontinuity at x

2
4 )
=0. Hence I—sdx does not exist.
X
-1

4 2
If f is continuous and I f (x)dx =10, find I f(2x)dx.
0 0

Solution: Since f is continuous, let 2x = t, differentiating 2dx = dt or dx = dt/ 2. When x = 2, then
t=4.

F(2x)dx = j O :%j f(t)c :% _5

Evaluate dx and determine whether it is convergent or divergent.

re—3 o—m

ﬁ

Solution:

o0

T%dﬁlﬁfﬂx—mfé 'm{ﬂ = 2lim[ x4 |=2 =2 ]

4

The limit does not exist. Hence it is divergent.

0
Examine whether _[Zrdr is convergent or divergent?
Solution:
r 0 t
jzf r= Lt 2rdr— Lt 2 _ 1t — Lt L -0= 1 =finite
to>—od t>=| log2 | log2 t={log2) log2 log2
So the integral is convergent.

Evaluate J - and determine whether it is convergent or divergent. [Apr/May 2019]

3(x—2)2

Solution:

% dx b dx (2N . =2 2
Let I=I 3 =i j 3 :Ilm(—j :Ilm[ + j=2
3()(_2)5 b_ms(x_z)i boo\ (X—=2 )3 P\ \Jb-2 3-2




10

11

12

13

Hence the given integral is convergent.
Find Iex"’gzexdx

Solution: fex"’gz e*dx = je"’gzx e* dx :_[ZX e*dx = I(Ze)x dx =

Find | COSX dx by substitution method.

\sin x
Solution:
Put u=sinx then cosxdx=du .'.Izj'd—u:Z\/U+c=2\/sinx +c

Ju
g¥—e™*
Evaluatejﬁdx
e* +e
Solution:
Put e*+e™* =t
(ex—e‘x)dx=dt
¥ —e™* dt
———dx=|—=logt=log{e*+e7*)+cC
-"ex+e‘X I t J g( )
Evaluate I tan™ x dx
Solution: Takeu=tan™x, dv=dx
1

1+ x?
J‘tan‘1 xdx=uv—jvdu

du= dx, v=xXx

= xtan™ x— le
+X°

N ACII
of T dx = log f (X)

= xtan™ x——jl+ =

= Xtan™ x——Iog(1+ x2)+c

Evaluate _[

Solution: Put x =tan@, dx=sec’0 d@ , I

:J- sec’d d@

(1+ X )2 (1+tan2 9)2

—fcos 6 do= I(dee

:lj(1+(:0329)d9 :1(6’+Sm20j:(g+3m20j+c
2 2 2 2 4

(2e)

log 2e

+C



14

15

16

17

18

19

2
;o1
Evaluate I(—sz +—2]dx
X
1

Solution:

j(—3x5 +%jdx = —Sj- xédx+j%dx = {—Zx —ﬂj
:[(_2(2 )-%)—(—2(13)—1)}
:[(_2(23)—%}3}:—4\5%

Evaluate j tan® xdx

Nlw

Nlw

Solution:
J-tan3 xdx:Itan x tan® x dx :Itan x(sec2 X —1)dx

=I(tan xsec? X — tan x)dx

put u=tanx = du=sec’® x dx in thefirst integral
=judu—.[tanxdx

2

u tan’ x
=7 —log(secx)+c =

—log(secx)+c

Evaluate _[ by decomposition method.

1+cos X
Solution: Multiply and divide by conjugate factor of the denominator term

J-( 1 j(l—cosx} _I(l cosxj
1+cosx J\ 1—cos x 1—cos? x

_ J‘(l;rfgixj J‘Lm v si(:]s ﬂ dx = J.[coseczx— COS ecx cot x]dx

= ICOS ec®xdx —J.COS ecx cot xdx=—cot X—(—COS ecx) +C

dx = cosecx —Ccot X +¢C

"-[1+cosx
Find the Integral of xsin x using integration by parts.
Solution:

J.udv:uv—J.vdu ; put u=x and dv=sinxdx,du :dx,v:jdv:jsinxdx:—cosx

jxsinx dx :x(—cosx)—j(—cosx)dx=—xcosx+sin X+C=SIiNX—XCOSX+C

Evaluate _[xlog xdx using integration by parts.

Solution:_[udv:uv—_[vdu ;put u=logx and dv=xdx,du:%,v:jdv:.|'xdx:x—
X 2

NG NG NG N
xlogxdx =—Ilogx— | —dx=—Ilogx+—+cC
I g 2 g J.2 2 g 6



19 Evaluate | sin® x cos® x dx

O Sy | N

Solution:
3 n-1 n-3 n->5 1

m+nm+n-2m+n-4 n+2

2
_[sin”‘ Xcos" Xdx =

here m=6,n=5

_421_8
119 7 693
20 Evaluati
o L+tan x
Solution:
2 dx 2 dx 2 cosx dx
et I1 -1 sin x = inx @
o 1+tan X 014 5 COS X+Ssin X
COS X

sin x dx

i h 2 cos x dx g cos (2 - X) o
Since j f (x)dx :j f(a—x)dx = j Al j
0 0 0 COSX+SIn X 0

————— @

L
_J% sinx dx
+ COS X +Sin X

2cosx+sinx dx 7
Hr@)=2l ! COS X +Sin X E

j- dx
n1+tanx

Ik

0S X + Sin X



UNIT - 'V MULTIPLE INTEGRALS

PART - A
Evaluate J' j dxdy
dxdy acp(dx\dy (al b . (2 1. b)fal
Solution: I_II L L (?)V_Lﬂlogx]zdy—.[l [Iogb—logZ]gdy—log(EjLgdy
= log (gj[log y]; =log (g][log a—logl] = Iog(bjlog a. [Since logl = 0]

Evaluate .[llngf:ye”ydxdy.

Solution:
I_.[Ingjlny e*Ydxdy = jmg e e'dxdy = j ey

Iny

, dy
=.[1m e’ (e —e’) dy:j e’ (y-1)dy =[ ¢’ (y-1) —ey]m 2 udv=uwv—uy, +..
=[e"(In8-1)—e" |-[0—¢" | =€"*(In8-1-1)+e =8(IN8—-1-1)+e =8In8—16+e.

Evaluate the double integral Lljox (x2 + yz)dxdy

Solution: The given order of integration is not correct. So Rewrite the integration order as
1x?

I. (x +y )dxdy f[(x +Yy )dydx Il:f(x +y )dy:ld

00

XZ

)3
dx=i' x2.x2+ﬂ dx=i‘[x4+x—6] dx
3 3

0 0 0

5 T

X7 X 1 1 1 1 26

5 210 5 73 5 21] 105
Find the area bounded by the lines x =0, y = 1, y = x using double integration.
Solution:

Il
O ey |

3
N
xy+3]

1

Area = '”‘ dxdy = 'f: on dxdy = J.:[x]g dy = I: ydy = {y?z} = % ' -
R

0 x=0

x=v

Shade the region of integration in J.:J.J% dxdy.

. . . . . . a pya’-x2
Solution: The given order of the integration is not correct. So Rewrite order _[0 L’:Z dydx.
ax—Xx



y=vax 2 = x% + y? —ax=0
2 2

(3] 3 -
=X ax+[2 5] T =0
2

~[eg =l B
o

which is a circle with centre at (a/2, 0) and radius a/2

v

y=va?-x? =x?+y?=a’ which is a circle with centre at

(0,0) and radius a

Evaluate J.J. (x?+y?)dydx over the region R for which x, y> 0, x + y<1.
R

Solution: The region of integration is the triangle bounded by

the linesx=0,y=0and x + y = 1. Limits of y : 0 to 1-x A
Limits of X: O to 1.

1 1-x 1 3 X
J. (x%+y?)dydx =I I X* +y? Jdydx = J.{xzy+%:| dx
R 0 0

- sz(l—xﬂ(l_gx)T dx =.l[[x2—x3+(1_x)3 dx

0

_[Xj__ &} (E_LO]_(_ij_l_Li_l
RERA e 3 4 12) 3 4 12 6

Compute the area enclosed by y* = 4x, x +y =3 and y = 0.

: 2 y h
Solution: Area A= [[dxdy = | Jdxdy = [ [x]%,dy 4

R y=0 x=y2/4 y=0

2 2
2 2 2 3 ———-..
y y |y R iy
= ] |aoy—Y |y =|ay- LY _ B,
yjo! ’ 4} ’ !y 2 12] 00 .0

0

2

3
Change the order of integration injj f (X, y)dxdy.
Solution: Vo
Given, | = IJ' (x, y)dxdy..

Limits of X: y* toyand Limits of Y: Oto 1

After changing order of integration /’ =0

I _II (x, y)dydx x =2 —
a a'-x

Change the order of integration in I I (X2 +y?)dxdy.
-a 0

Solution:



x=a y=Va?-x?

1= | | (x2+y2)dydx ( Correct Form )
X=—a y=0
y=a x=at-y? o, 2

=] [ (x= + y%) dy dx
y=0 s [fa2-y2

1
10. Change the order of integration in I I xy dx dy .
0y
1 2—y
Solution: Given, | = J _f xy dx dy
o vy
X limits:yto 2-y; ylimits:0to 1
After changing order of integration

L 4

1 x 2 2-X x
=[ [ xydydx+] [ xydyadx
00 1 0

rsin0drde.

o'—.m

T
11. Evaluate I
0

T, 5 T I‘2 °
Solution: 1= [sin“@|[ rdr [d§ = [sin“0|—| d§ =
0 0 0 2

5% 1-cos26

E[ sin2g dg=2> 40
2] 2

0

?2[1—00529] do = (fj{e—s"‘;ﬂz = (?jH;z—Si”ZZ”}—o} = ZST”
o e [ [ 09
o 7 (- dfr24a2
Solution: | = f (f) (r;drdgz f ; 0 (r(r +2)2) 48
f e A OGO = o]



13.

14.

15.

16.

17.

n cos@

Evaluatej I r drdo.

0 0
Solution:
2 cosé . T V4
|=J‘” r :lj‘cos?9d9=lj'lJrcoszede=1J‘(1+c0326’)d49
ol 2], 23 29 2 44
:1[0+5m20} :l(ﬁ)zz
4 2 |, 47 4

Evaluate dedy where Rthe shaded region in the figure is.
R

(-2,0) (2,0)

Solution: dedy= Area of the shaded region
R
The shaded region is the semicircle with radius 2.
2 2
Avrea of the shaded portion = % = % = 277 square units

Compute the entire area bounded by r® = a? c0s26.

. /4 avcos20
Solution: Area A= ([ rdr d9 =4 | frdrdé

R 6=0 r=0

zl4 2 afcos26
H a0

0

/4
-4 f [a c;)sZ@}de

. T
. /4 sin2~
=2a{w} —2a2|— 4 _0 =a23in%:a2

0

oy
Transform the integration | | dxdy into polar coordinates.
00

Solution: Let x =r cos0 and y = r sin6 , dxdy = r drd6

=1
=0
=y
T /ﬂf v=0 *
oy 2 ©
[ [ dxdy= [ [rdrdé@
4
W
. - I .
Transform the integration | [ (X*+y%)dxdy to polar co-ordinates

x=0 v=0N



18.

19.

20.

Solution:

Let x =rcosO and y = r sin@, dxdy = r drd6 1 .

2a A\ 2ax— X2 712 2acosf x=0 o
) | (x2+y2)dxdy=I j r*drde

x=0 y=0 0 0

=0

0 @0)

X

Express the volume of the region bounded by x>0, y>0, z>0, x*+ y*+z°<1as atriple

integral.
Solution: Here z varies from 0to /1-x*-y®, y varies from 0 to v1-x*,

1 132 1-x2-y2
~Volume I = [ [ dz dy dx
0 O 0

Evaluate J‘; _[; I()lex+y+zdxdydz
Solution: | = I:I:I:ex*y*zdxdydz = J':I;[e“y” —e’"* | dydz

(e -2 +e7)dz = e3-3e? +3e-1=(e-1)3

O ey

X+y

x varies from0to 1

4 X
Evaluate _[I I z dxdydz.
00 0
4 x x+y gx[ 2 Y
Solution: 1= | | [ zdzdydx =[] dydx = =[] (x+y)ydx
00 0 0ol 2 |, 00
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MA3151 - MATRICES AND CALCULUS
Unit-1 - MATRICES

Matrices — Introduction

Matrices are fundamental mathematical objects used to represent and
manipulate data in various fields, including mathematics, physics, computer science,
engineering, and more. They are an essential part of linear algebra, which is the branch

of mathematics that deals with vector spaces and linear relationships.
Definition: A matrix is a two-dimensional array of numbers, symbols, or expressions,

organized into rows and columns. Each entry in a matrix is called an element or a
coefficient (Or) arrange the elements in the rectangular patterns.
A matrix is denoted by a bold capital letter and the elements within the matrix are

denoted by lower case letters

e.g. matrix [A] with elements &;; Ay G @ @
8y Gy & 8y
_aml am2 aij amn_

Order of the matrix or Size: The order or size of a matrix is determined by the number
of rows and columns. For example, a matrix with 3 rows and 2 columns is called a
""3x2" matrix.

Types of Matrices: There are various types of matrices based on their properties and
characteristics. Some common types include:

Row Matrix: A matrix with a single row and multiple columns.

Column Matrix: A matrix with a single column and multiple rows.

Square Matrix: A matrix with an equal number of rows and columns (e.g., 2x2, 3x3,
etc.).

Scalar Matrix: A square matrix with all diagonal elements equal and all other elements
equal to zero.

Identity Matrix: A special scalar matrix where all diagonal elements are 1 and all
other elements are 0.

Zero Matrix: A matrix where all elements are zero.
Row Vector: A matrix with one row and multiple columns.
Column Vector: A matrix with one column and multiple rows.




Symmetric Matrix: A symmetric matrix is a square matrix that is equal to its
transpose. In other words, A = AT, where A is the matrix and AT is its transpose.
Skew Symmetric Matrix: A symmetric matrix is a square matrix that is equal to its
transpose. In other words, A = -AT, where A is the matrix and AT is its transpose.

Lower triangular matrix
A square matrix whose elements above the main diagonal are all zero

a 0 0
a; a O
a; a; a

Upper triangular matrix
A square matrix whose elements below the main diagonal are all zero

Eigen values and Eigenvectors:

Linear equations Ax= b come from steady state problems. Eigen values have
their greatest importance in dynamic problems. This chapter enters a new part of linear
algebra, based on Ax= 1 x. All matrices in this chapter are square. Where A is a eigen
values and x is a eigen vectors. The Characteristic equation is det|A — 21| = 0 involves
only 2 not in x. Its roots are called eigen values and (A— A I)X = 0 corresponding

eigenvectors. (Or) To find the Characteristic equation ,

aiq a1z)
az1 Qz;

For the 2X2 matrix: If A = (
The Char. equation x2—s; x —s, =0

Where s; = Sum of the main diagonal elements = a,; + a,,
s, = Determinant of A = |A| = (a1az; — az1a43)

a;; Qg2 Qg3
For the 3X3 matrix: If A =|az1 azz Qaz3
az1 Qz; daszg

The Char. equation x3—s; X2+ s, x —s3 =0
Where s; = Sum of the main diagonal elements = (a;; + a;; + ass3)

s, = Sum of the minor of main diagonal elements

_ |22 a23| aijq a13| aijq a1z|
asz; AQasg Az, Qss Az, Qz;




s; = Determinant of A = |A]|

****Cayley — Hamilton Theorem:
Every square matrix satisfies its own characteristic equation.
To uses:
(1) To calculate positive integral power A
(i)  To Find the inverse of a square matrix A

1. Verify Cayley — Hamilton theorem (OR) Prove that Every square matrix

1 0 1
satisfies its own characteristic equation, ifA = <2 2 4)
0 0 2

Soln:
The characteristic equation is x3—s; X2+ s, X =53 =0
s; = Sum of the main diagonal elements=(1+2+2) =5
s, = Sum of the minor of main diagonal elements
=I5 2+l 2+l 2l
=(4-0+(2-0+(@2-0)
=4+2+2=8
s, =8
ss =lal=1fg 5|-ofp 3l+1f; 3
=(4-0)+(0)+(@2-0)
S3=4
X3—-5x2+8x—-4=0
By CH- theorem,
Every square matrix satisfies its own characteristic equation. Putx=A
oW A3 —BA2+8A—A1=0 .ocooeeeeen.. (1)
LHS: A®> — 542 + 84 — 41
1 0 1\/1 0 1
Now A2 = A. A= <2 2 4)(2 2 4)
0O 0 2/\0 0 2

1+0+0 0+0+0 1+0+2
=<2+4+O 0+4+0 2+8+8)
0+0+0 0+0+0 O0+0+4




1 0 3
=({6 4 18)
0O 0 4

1 0 3\/1 0 1
AP=A’A=(6 4 18]|2 2 4
0 0 4/\0 0 2

1+0+0 0+0+0 1+0+6
=<6+8+O 0+8+0 6+16+36)
0+0+0 0+0+0 O0+0+8

1 0 7
=14 8 58)
O 0O 8

LHS: A3 —54%2+8A4 — 41

1 0 7 1 0 3 1 01 1 0O
={14 8 58|—-5|6 4 18|+8|2 2 4)—-4{(0 1 O
0O 0O 8 0O 0 4 0 0 2 0 0 1

1-5+8-4 0+0+0 7—15+8+0
=<14—30+16+0 8—-20+16—-4 58—90+32+0)
0+0+0 0+0+0 8-20+16—-4
0O 0O
=<O 0 O):O:RHS
0O 0O

Hence cayley — Hamilton theorem verified.

1 3 7
2. Verify Cayley — Hamilton theorem for the matrix A = <4 2 3)

1 2 1
Soln:

The characteristic equation is x3—s; X2+ s, X —=s3; =0
s; = Sum of the main diagonal elements=(1+2+1) =4
s, = Sum of the minor of main diagonal elements
Al Dok 3
=(2-6)+(1-7)+(2-12)
=—4-6-10=-20
s, = —20

2 3 4 3 4 2
S3:|A|:1|2 1|_3|1 1+1|1 2
=1(2-6)-3(4-3)+7(8-2)

=—4-3+42=35




s3 =35
X3—4%2+20x-35=0
By CH- theorem,
every square matrix satisfies its own characteristic equation. Put x=A
oW A3 —4A2+ 204 =351 =0 ..cevvnnnn.... 1)
LHS: A% — 4A% + 204 — 351
1 3 7\N/1 3 7
Now A2 = A. A= <4 2 3)(4 2 3)
1 2 1/\1 2 1

1+12+7 3+6+14 7+9+7
=<4+8+3 12+4+6 28+6+3>
1+8+1 3+4+2 7+6+1

20 23 23
=(15 22 37)

10 9 14

20 23 23\ /1 3 7
A3=A*A=(15 22 37|({4 2 3

10 9 14/ \1 2 1

15+88+37 45+44+74 105+ 66+ 37
10+36+14 30+18+28 70+27+14

135 152 232
=140 163 208)
60 76 111
LHS: 43 —4A% + 204 — 351
135 152 232 20 23 23 1 3 7 1 0O
=1140 163 208)—4 15 22 37)—20 4 2 3)—35 01 O)
60 76 111 10 9 14 1 21 0 01
<135—80—20—35 152-92-60+0 232—92—140+0>

<20+92+23 60+ 46 + 46 140+69+23>

140-60—-80+0 163—-88—-40—-35 208-148—-60+0
60—-40—-20+0 76 —-36—-40+0 111 -56 —20—-35

0 0O

={0 0 0|=0=RHS
0 0O

Hence cayley — Hamilton theorem verified.

3. Using Cayley — Hamilton theorem, find A=! for the matrix

2 -1 2
A={-1 2 -1
1 -1 2

Soln:
The characteristic equation is x3— s; X2+ s, x —s3 =0

s; = Sum of the main diagonal elements=2+2+2 =6




s, = Sum of the minor of main diagonal elements

-1 —1|
2 2

=(4-1)+(@-2)+4-1)

:|2 |+|2 2+|2
-1 1 217 -1

=3+2+3=8

s, =8

so=lal=2]% Sl G2
=2(4-1)+1(-2+1)+2(1-2)
=6-1-2=3

s3=3

x3—-6x2+8x-3=0

By CH- theorem,

every square matrix satisfies its own characteristic equation. Put x=A

f AP —6A2+8A—3[=0 oo, (1)

TofindA 1 .~ A3—-642+84-31=0 S )
Pre multiply by A7 in 1 @
A2 —6A+8]—-34"1 =
3471 =A% — 64+ 8I
2 -1 2 2 -1 2
Now A2 = A. A = <—1 2 —1) <—1 2 —1)

1 -1 2 1 -1 2
7 -6 9

=|-5 6 —6)
5 -5 7

1 1[/7 -6 9 2 -1 2\ (8 00
“AT=Z[A—6A+8=5| 5 6 —6)—6 -1 2 —1)+ 0 8 o)
5 -5 7 1 -1 2/ \o o0 8

1[7—-12+8 —-6+6+0 9-12+0
=§—5+6+0 6—-12+8 —6+6+O]
| 5—-6+0 -5+6+0 7-12+8
3 0 -3
ATt :§ 1 2 0]
-1 1 3




Eigen value and Eigen Vector:

8 -6 2
1. Find the eigen value and eigen vector for the matrix A = (—6 7 —4)
2 -4 3
Soln:
8 -6 2
LetA = (—6 7 —4)
2 -4 3
The char eqnis x3— s; X2+ 5, X —s3 = 0---------- (1)

S, = sum of the main diagonal = 18
— . o _|7 4,18 2
S, = sum of the minor of main diagonal = |_4 3 | + |2 3| +
8 —6|_ — —
|5 71=45  ss=lal=o0
2X3—18 2%+ 45x=0
X (X"2—18x+45) =0
x=0,x=3,x=15

The eigen values are 0, 3, 5.

Eigen vectors

X1
(A—x1) (xz) =0
X3

(8—=2)x; —6x,+2x;=0

6x; + (7 —2)x; — 4x3 = 0 (r------- (A)
2X1 — 4X2 + (3 —>\)x3 =0
Put x=01in (A)

8x; —6x,+2x; =0
6X1 + 7.XZ - 4.X3 = O
X1 _ —X2 _ X3
-6 2| | 8 2 | 18 —6|
7 4 -6 —4 —-6 4

When x=3in




When x=15in

3

0o 1 -1
2. Find the Eigen value and eigen vector for A = < 1 0 1 )
-1 1
Soln:
0o 1 -1
LetA=1 1 0 1
-1 1 O
The char eqnis4® — §; X2+ S, X —=S; =0
=0 §5,=-3 S;=-2
2X3—0X2—-3x+2=0
eigenvalues are =2, 1, 1

To find Eigen values(4 —x I)x =0

0—x 1 -1 X1 0
T 0-x 1 ) xz): o)
-1 1 0—x/ \X3 0

—Xx;+x,—x3=0

X1 —X2X,+x3=0

—x1+x,—xx3=0
When x==21in ©)

2.X1 +X2 _.X3 = O—@

X, +2x,+x3=0— @
—X; + X, + 2x3 = 0-------- ©
Taking,

1&2™eqns

1
x=|-1
1
Whenx=1in— @
0
X, =11
1
Since A is a symmetric matrix so Given Eigen vectors are orthogonal.

a
let x5 = <b>be the 3"eigen vector
c




xI'x3=0a-b+c=0—0

xI'x;=00a—b+c=0—"0

a —b c

|—1 1|:|1 —o|:|1 —1|
1 1 lo 11 lo 1

**16 Marks Reduce the Quadratic form for x® + y> + z? + 2xy + 2yz + 2zx

coeff x? %coeff Xy %coeff Xz

Q= %coeff yx  coeff y? %coeff yz

%coeff ZX %coeff zy  coeff 2°

1. Reduce the Quadratic form to canonilal form 8x% + 7x% + 3x5 — 12x,x, —

8x,x3 + 4x3 by an orthogonal transformation. Also find the rank, index and

signature.
Soln:
8 -6 2
Letd=|-6 7 -4
2 -4 3
The char egnis x3— s; X2+ s, X\ =53 = 0---------- (1)

S, = sum of the main diagonal = 18
— . o _|7 —-4,18 2
S, = sum of the minor of main diagonal = |_4 3 | + |2 3| +
8 —6|_ — —
|5 71=45  ss=lal=o0
2X3—18 2%+ 45x=0
X ("2=18x +45) =0
x=0,x=3,x=15

The eigen values are 0, 3, 5.

Eigen vectors

X1
(A—x1) <x2) =0
X3




(8 —»)x; — 61, + 2x3 = 0
6, + (7 =3)x, = 413 = 0 —-----—<(A)
2x; —4x, +(3—X)x3=0
Put x=0in (A)
8x; —6x, +2x3=0

6X1 +7x2 —4x3 =0

X1 —X2 X3

—6 2:|8 2|:8 —6|
7 4 -6 -4 -6 4

When x=3in

When x=15in

1 2 2
P=Modal matrix [ 2 1 _2)
2 -2 1

1 2 2
/3 3 3\
The normalised matrix isN = % i '?2
2 2 1
3 3 3
D = NTAN
/1 2 2 1 2 2
33 3) (35 3)
l2 1 —2| 8 -6 2 |2 1 22|
33 3\ 7 Az 3 3
kz-z 1)2_43k2—2 1)
3 3 3 3 3 3

Canonical form = y~1D v= 0y2 + 3yZ + 15y2
r = Rank = 2

|

0 0 O
0 3 0
0 0 15

)




P = positive term = Index = 2
Signature S =2P —r=2(2)—-2=2
Nature of Q. F :Semi Positive definite.
2. Reduce the quadratic form 2x;X;+2X>X3—2X3X; to canonical form by an
orthogonal transformation. Also find the rank index and signature of the Q.F.

Soln:

0O 1 -1
Reduce the matrix formis4d=( 1 0 1
-1 1 0

The char eqnisA3 — §; X2+ S, X —=5; =0
$$:=0 §,=-3 S;==-2
2X3—0XZ=3x+2=0
eigenvalues are =2, 1, 1

To find Eigen values(4 —x I)x =0

0—x 1 -1 X1 0
1 0—x 1 X21=10
-1 1 0—x/ \X3 0

_>\X1+XZ_.X3:O
X1 —X2X,+x3=0

_x1+xZ_>\X3:O

When x=-=21in ©)

2%, +x,—x3=0— O

X, +2x,+x;3=0— @

—x; +x, + 2x5 = 0-------- ®

Taking,

1&2™eqns
X1 _ —X2 _ X3 1
?Z?—?ﬁ—(—l)

1
Whenx=1in— @

0

a
letxy = <b>be the 3"eigen vector
c

xI'x;3=0a-b+c=0—0




xI'x;3=00a—b+c=0—0

a —b c

|—1 1|:|1 —0|:|1 —1|
1 1 lo 11 lo 1

Mode matrix

1
1 -2
(7 ° %)
L (2
N_kB\/E\/g)xs_ _11
1
3 V2 6

1 -1 1 1 -2

e — 0 —

3 V3 V3 3 6
D—NTN—IO \/1_ 1\I<2 é_l)lﬂ ! \_/z\l <_0228)
SNV 0 5z GV V|

k_z_ll)—lloklll) 0 01

V6 V6 6 V3 V2 /6

To find canonical form

—2 0 O\ /N
C.F=Y"DY=(y,ys)| 0 1 1])(¥2|=-2ylyjyirank =3
0O 0 1/ \Vs

P =Index =2
Signature 2(0) —r=2(2) —-3=1
Nature of the Q. F : Indefinite.

3. Reduce the Quadratic form x2 + 5y2 + z2 + 2xy + 2yz — 6zx to canonical

form by an orthogonal transformation also find the rank index and signature of

the Q.F.
1 1 3
LetA=|1 5 1
31 1
The char eqnis x3—S; X2+ S, x =S; =0
S, =17, S, =0, S, =36

X3I—TXN2+0x+36=0

A= —=2,2%2—9xX+18=0




(N =-3)(~—-6)=0x=36
=~ The find Eigen vector
A-—>Dx=0

1-x 0 0 X1 0
1 5on 0 )xJ= ﬂ
3 1 1-—X/ \X3 0

Case (i) When x=2

3 1 3\/n 0

17 1):h): o)

3 1 3/\x3 0

3 1 1=
|7 FIE a

Case (ii)) Whenx=3

-2 1 3\/*1 0
Lo 1)xJ: )
3 1 -2/ \X3 0

X1 —Xp X3 Xy _—Xy X3 -1
|1 3_|—2 3_|—2 1]=5 ~ —5 —5*2~ 1
2 1 1 1 1 2

Case (iii) Whenx= 6

-5 1 3\/*% 0
1 -1 1 |(*2])=10
3 1 -5/ \X3 0

X _.XZ _ .X3 xl__xZ_.X3 oy _(;)
—_— —_— — T/ .. 3 —

-5 14 -8 4
EAE A 1
1 1
M=]|0 —1 2
-1 1 1
D=NIN
1 —1 1 1 1
V2 x/i /\/E x/§\/5\
[ 1 -1 1| 1 3)\]| -1 2| (-2
== — | 5 1|0 — —1l=1o0
V3 VB V2 11 V3 Ve |\,
1 2 1 -1 1 1
V6 V6 6 V2 V3 6

Canonical form

2 0 0
yyy = (y1y2y3)<0 3 0)( ) —2y{ + 3yZ + 6y3
0 0 6




Rank (r) =3
Index (p) =2
Signature (s) =2(1)-r=2((2)-3=1
The nature is indefinite
4. Reduce the Quadratic form 6x2 + 3x2 + 3x2 + —4x,x, + 4x,X3 — 2X,x3 tO
canonical form. Also find rank index, signature and nature of Q.F.
6 -2 2
LetA = <2 3 —1)
2 -1 3
The char eqnis x3—s; X2+ s, x —=s3 =0

|51 = 12|, |52 = 36|s3 = 32‘

2X3=12x%2+36 X —32=0
[x=2], x2—10 x +16 =0
(A-2)(x-8)=0

The eigen values are 8, 2, 2.

Eigen vector (A —x1)x =0

6—x =2 2 X1 0
(2 s -1)(x)- (o)
2 -1 3-x/\X3 0

(6—-x)11;, — 2x, +21; =0 ©)
—2x; +(3—X)x,—x3=0 )
2x; —x, +(3—X)x3=0 ®
Care (i) »=8
—2x1 —2x, +2x3=0 @
—2%x1 —5x, —x3 =0 @

2
<= ()

1
Care (i) x =2

—2x, +x,—x3=0
—2x, +x,—x3=0
—2x;+x, —x3=0
Answer x; =0
—2x,+x, =0

—2x; = —X,




a
Letx; = <b> be third eigen vector

C
a

(2-1 1)<b>:o &1 -2 0)<b

c
2a—b+c=0
—2b+0c=0

c

@

@

a _ —-b
Z o o

— T
Canonical form== y y

8 0 0\ /N
= (1yy3)|0 2 0|22
0 0 2/\)3

= 8yf + 2y} + 2y3
Ranu(r) = 3,Indel = 3
Signature =2P —r=6-3=3

Nature of Q.F = positive definite

|2 —1

a

c

)=0
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UNIT III - FUNCTIONS OF SEVERAL VARIA BLES

PART -A

ou ou Oou
If u=Xy—2yz+27",then find the value of — + — + —

ox oy o7

Solution:
u=xy—2yz+z°

a—u:y; @: x—2z; a—u:—2y+2:;
ox oy 0z

a—u+a—u+a—u=y+x—2:—2y+2z=x—y
ox oy Oz

Find Ll and 6—uwhen u(x,y)=x"+y”* (NOV/DEC 2020)
OX oy

Solution: Given U(X,y)=Xx"+y"
0

a—i =yx" " +y* log(y) ( O%((aX )=a*loga, but O%((xal )= axa‘lj

ou
—=x"log(x) + xy*™*
oy

Verify the Euler’s theorem for the function u = X2+ y?+2xy. (NOV/DEC 2019)
Solution:

, : : : ou ou
Euler’s theorem: If U (X, y) is homogeneous function of degree n in X and y then X—+ ya =nu

u(x,y)=x*+y*+2xy
u(x, y) = x> + y*+ 2xy = u(tx, ty) = (tx)* + (ty)2 +2(tx)(ty)
u(tx, ty) = t*x* +t?y? + 2t°xy =t* (x2 +yi+ 2xy) ie tou

.. The degree of U (X, y) =X’ +y*+2xy is2. .. Degree=n=2.

" U is homogeneous function of 2rd degree in X and y, by Euler’s theorem we have Xa—u+ y%:2u
. ou ou P
1) X—+y—=2(X"+y +2X
(exz +yy (x*+y*+2xy)
Now, U = X* + y? + 2xy
xa—u=x(2x+2y)=2x2+2xy , yé_uzy(2y+2x)=2y2+2xy
oX oy
_,ou ou o, 2 _oy2 2 (2 4 2 _
L.H.S_xa—+y5_2x +2Xy +2y°+2Xy =2X"+2y° +4xy=2(X"+Yy°+2xy)=R.H.S
X
y . 0z 0z |
If z=xf| = |,then find the value of x&+y5 using Euler’s theorem (NOV / DEC 2020)
X

Solution: Given z = xf (XJ )
X



Rectangle

Rectangle

Rectangle

Stamp


ie., z(x,y)=xf (X]
X
z(tx, ty) = txf (t_yj = txf (XJ =tz(X,y)
tx X
z(tx, ty) = t'z(X, y)
. Z(X,y) is a homogeneous function of degree 1 in x and y. .. Degree =n =1.

ou aou
Euler’s theorem: If U (X, y) is homogeneous function of degree nin xand y then X—+Yy—=nu.

oy
' z is a homogeneous function of 1stdegree in X and y, by Euler’s theorem , we have
x@+yg=1(z)=z
oxX = oy
If u=cos™| —~+Y_ , show that xa—u+ ya—u=—1cotu.
\/;+\/§ OX oy
] S x+y X+Yy
Solution: U=C0s" | —=—2= |=>cosU=——"==f (x,y)
Fple
X+Yy
fxy)=—=—7=
x+y
f(tX,ty)z tX+ty — t(X+y) — \/{(X'Fy) =tl/2f(x, y)
Torf5 E(xy) ()
f =cosu is a homogeneous function of degree n =%in X and VY.
Therefore, by Euler’s theorem we get,
of of
X—+y—=nf
OX oy
o(cosu o(cosu
X ( )+y ( )=£cosu
OX oy 2
x(—sinu)a—u+ y(—sinu)a—uzlcosu
OX oy 2
: ou oul 1
—sinu| x—+y— |==cosu
OX oy| 2
ou au 1 cosu 1
—+y—=—-———=-—=-cotu
OX oy 2 sinu 2
If u= x>+ y®and x = at®, y = 2at, then find ?j—l:. (APR/MAY 2019)

Solution: Given U = x*> + y* and x = at®, y = 2at
du_oudx u dy

dt  ox dt oy dt

u=x2+y? X = at? y =2at
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N _3y2 a—u:3y2 X et | W _2q
OX oy dt dt

du 2 2

e (3x")(2at) + (3y°)(2a)

= (3(at?)?)(2at) + (3)(2at)?(2a)
=6a’t’ + 24a’t* = 6a’t*(t*+ 4)

(- x=at?, y=2at)

8 Findd—y, if x°®+y®=6xy.
dx
Solution:
x> +y*—6xy=0
Let f(x,y)=x>+y’—6xy
f :q:3x2—6y; f, :q:3y2—6x
OX oy
dy —f _—(3x'-6y) 6y-3x*_ 2y—x’
- - 2 - 2 T2
dx f, 3y“—6x  3y"—-6x y~—-2x
9 | Whatis the derivative of u with respect to x, for U = X2y3 , where 2sinx—-3y=07?
Solution:
2sinx—-3y =0
2cosx—3d—y =0
dx
dy _ 2cosx
dx 3
du_ou ou dy
dx ox dy dx
=2xy° +3x2y2.m
=2xy® + 2x%y® cos x
= 2xy*(y + X COS X)
10 | State the properties of Jacobian. (NOV/DEC 2018)
Solution:

o(u,v) o(r,s) _ o(u,v)
a(r,s) o(x,y)  a(x,y)

(ie) JJ'=1

(i) Ifu and v are functions of r and s, r and s are functions of x and y then,

ouY) A% Y) _,
o(x,y) o(u,v)

(iii) If u, v, w are functionally dependent functions of three independent variable x, y, z then
o(u,v,w)

o(x,y,2)

(ii) If u and v are functions of x and y then,

11

If Xx=u’—-Vv’ and y = 2uv, find the Jacobian of x and y with respect to u and v.

(APR/MAY 2019)

Solution: x:uz—vzzg:%; X _ 2y and y:2uv:>g:2v; ¥ _ oy

au v ou EY
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ax%

au 2u -2v
a(x’ y) — au aV — =4(U2+V2)
o(u,v) |0y dy| |2v 2u
ou ov
_ _u .. 0(x,Y)
12 | IfX=uvandy= Vthen find oY)’ (JAN 2018)
Solution: x:uv:%:v; %:u and yzgzﬂzl; @:—12
ou ov V. odu VvV ov Vv
oX OX
— —| |v u
oxy) _lou ov|_|, —v(_—“j—u(lj—i—ﬂ—_zu
ou,v) oy &y |- — V2 v vV Vv v
ou av Y
_rcos6, y=rsing then find 2-0)
13 |If x=rcos@, y=rsing then Tin a(x,y) (JAN 2018) & (NOV/DEC 2019)
Solution: x:rcoses%:cose; %:r(—sine) and y:rsinH:@:sine; Q:rcose
or or 00
x
o(%,y) |or 06| |cos@ —rsind|
o(r,0) |oy dy| |sin@ rcos6|
or 06
o) 1 1
ok y) oxy) r
o(r,0)
14 | Find Taylor’s series expansion of x» near the point (1,1) up to first degree terms.
Solution: The Taylor’s series expansion is given by
f(xy)= f(a,b)+[(x—a) fx(a,b)+(y—b)fy(a,b)]+...
f(xy)=x f(11)=1
f(xy)=yx" f (11)=1
f,(xy)=x"logx | f (11)=0
f(x,y)=1+(x-1)(1)+(y-1)(0)
=l+x-1
X’ =X
15 | Obtain Taylor’s series expansion of e*Vin powers of X and y up to first degree terms.

Solution: The Taylor’s series expansion is given by

f(xy)=f (a,b)+[(x—a) f,(a,b)+(y—b) fy(a,b)]+...
f(x,y)=e* | £(0,0)=1
f(xy)=e"| £(0,0)=1
f,(xy) f,(0,0)=1

f(x.y)=f(0,0)+[(x-0)f,(0,0)+(y-0)f,(0,0)]
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=1+x(1)+y(1)

e =1+x+y

16

State the conditions for maxima and minima of f (X, y) .

Solution:

if f, (a,b) =0, fy (a,b)=0and f ,, (a,b) = A f, (ab)=B, f,, (ab)=C then
() f(X,y) has maximum value at (&,b)if AC — B2 >0and A< 0 or C<0

(i) f (X, y) has minimum value at (a, b)ifAC ~B?>0and A>0o0rC>0

17

Find the maxima and minima of f (X, y)= X*+y*+6x+4y+12.

Solution: Given f (X, y)=x"+y?+6x+4y+12
fi=2x+6=0=>x=-3; f =2y+4=0=>y=-2.
The stationary point is (-3, -2).

A=f, =2 BzfxyzO; C= fyy:2,
AC-B?=4>0and A>0.

~.f is minimum at (-3, -2) and the minimum value is

f(=3,-2)=(-3)" +(-2)*+6(-3 )+4(-2) +12=25-26=-1.

18

2 2
Find the possible extreme point of f (X, y) =x%+ y2 +—+—.
Xy

Solution: f (X, y) e y2 +g+g
X

y
i—ZX_i’
OX X2
i=O:>2x—£—0; 2X 2 ; xX=1 = x=1
X XZ X2
ﬂ:Zy_%;
oy y
L :>2y—£2=o; 2y=£2; yi=1 = y=1
oy y y

.. The possible extreme point is (1, 1) :

19

Arectangular box open at the top is to have a maximum capacity whose surface area is 648 square
centimeters. Formulate the maximization function to find the dimensions of the box.

Solution:
Let x,y,z be the length,breadth and height of the box.
volume = length x breadth x height = xyz (Volume to be maximized)

Let f(x,y,2) = xyz
Since the rectangular box is of open at the top, Surface area on the top is zero.
.. Total surface area of the box = xy + 2yz + 2zx = 648 (given)
Let g(x,y,2) =xy+2yz +2zx — 648
The optimization function to find the dimensions of the box is
F(x,y,2) =f(x,y,2) + 1g(x,y,z) where A is langrange multiplier.
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Hence, F(x,y,z2) = xyz + l(xy +2yz +2zx — 648)

20

Formulate the optimization function to find the volume of the largest rectangular solid which can be
2 2 2
inscribed in an ellipsoid X + ¥y + z =1
a? b? ¢

Solution:
Let the sides of the rectangular box be 2:x, 2y, 2z

NI B
+ b2 +— =L will have its corners on

The largest rectangular parallelepiped inscribed in the ellipsoid ? c

the ellipsoid and its sides parallel to the coordinate plane. Hence its corners are (Fx, £y, £2).

Volume V =2xx2yx2z

= 8xyz
Let f=8xyz
2 .2 2
x“ oy oz
g="S+5+->5-1
2 b2

The optimization function to find the dimensions of the box is
F(x,y,2) = f(x,y,2) + Ag(x,y,2) (e) F=f+g

2 2 2

X y z
F(x7y7z) :(8xy2)+ﬁ, -+ 4+ -1
a2 b2 02

where A is langrange multiplier.
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Ifx = uv,y = =prove
- Y = vp auwy)  a(xy)

Solution:

dx Odx

_ oy _ lou ov
Let _’_ a(u'v) = a_y ay ese (1)

du dv
; u
Given x = uv,y = =
ax _ ay _ 1
Bu_v’au—v
e =B
Fr > du w2
vV u
Q)= J=1
v v
_ -uv  u _ -2u
v? v v
du Jdu

y _ O(uy) 3' ay
J'= 565 = aw| ~@

a(x.y) x o(uy) _ 1

=iy =S x=pfy Seg¢=
b 4 X
X=U = U==-= Uu=—=
v V
Now = u = Vx[y, v=
du vy dv _ 1 1
ax  2Vx ax  Jy2vx
du VX av -1\ 1
B 2GRS
ay 2y’ ay y/]2yy
vy VX
2Vx 2Vy
2) =] =
@=7=|* 7
2VIVX  2y\y
11 2
T a4y ay ay
v
=—— (
here J="2and ) = —=
v 2u

“J) = ‘Tz“x(_i -1

2u

Hence proved.

y 8 J
—
vy
= VXY
VE
vy
_ 1

2y

u

vy=2)



B 3 B axyz) _ .2
fx+y+z=uy+z=uv,z=uvw provethat Z=rs = u"y

Solution:
Gvenx +y+z=u,y+z=uv, z=uvww
X+u =u, y+uw = uv, z = uvw

X=U-uv, y = u-uvw, Z = uvw
dx dx Ox

du E ow
fhan | T O e
a(uv,w) du adv ow|
dz 0z 0z

ou ov 0z
X =Uu-uv, y = uv-uvw, zZ = uvww
dx ay dz

E=1—v, =V, ==TW

ax _ ay _ 9z _

2= U yTU—UW, —=uw

dx ady dz

—_—=0, =—=- , = =Uuv

ow dw a

o) 1-v —u 0
D=2 =lv—vw u—uw -—uv

(u,vw)

vw uw uv

= (1 = v)@W?v — v?vw + v?vw) + u(uv? — uv?w + uwv?w) +
0(uvw — uvw? — uvw + uvw?
= (1 - v)uv + u®v?
= u?v — u?v? + uv?
=ty

Hence proved.



If p=3x+2y—2,9q =x—-2y=2z,r = x+2y—zprove thatp,q,r are
functionally dependent.

Solution:

To prove p,q,r are functionally dependent.

ap.qr) _

1.e) To prove rr——

dp dp OJp

dox 0dy 0z
dpan) _ |2 9 24

Consider o _Ipx oy
ar adr or
ox dy 0z
3 2 -1
=11 -2 1
1 2 -1
=3(2-2)-2(-1-1)-1(2+2)
=4-4
=0

~p,q,r are functionally dependent.



Find the extreme values of the function f(x,y) = x3 + y3 — 3x — 12y + 20

Solution:
Given f(x,y)=x*+y3-3x—-12y+20
fi=3x*-3 s fy =3y —12
fix=6x=A4A, f,,= 0= B, f,,=6y=2C

To find the stationary points.

fe =0 fo=0
3x2—3=0 3y2—-12=0
x2-1=0 y2—4=0
x= %1 y==%2

~ Stationary points are (1,2),(1,-2),(-1,2),(-1,-2)

(1,2) (1,-2) (-1,2) (-1,-2)
A= 6x 6>0 6 >0 -6<0 -6<0
B=0 0 0 0 0
C =6y 12 -12 12 -12
AC - B? 72> 0 -72<0 -72<0 72 >0
Conclusion Min. point Saddle point | Saddle point | Max. point

5 Maximum value of f(x,y) is

f(=1,-2)=(-1)3+(-2)3-3(-1) - 12(-2) + 20
=-1-8+3+24+20 = 38

Minimum value of f(x,y) is

f(1L,2)=(1)*+(2)*-3(1)—-12(2)+20 =2



Find the maxima and minima of x* + y* — 2x? + 4xy — 2y*
Solution:
flx,y) = x*+y* — 2x% + 4xy — 2y?
fr=4x3—4x+ 4y ; =4 +4x—4y
fau= 12x2—4 =A, fo,= 4= B, f,=12y2-4 =C

To find the stationary points.

fe =0

fy=0

4x* —4x+4y =0

¥}—-x+y=0.. (1

4y3 +4x —4y =0

y +x—-y =0.. (2)

M+ @=2x*+y>=0

D=2x3=-x—-x=0 =2x3-2x=0=2x(x*-2)=0

2> xP=-y? 2y=-x

=2x=0 (or) **=-2)=0
sx=0(r)x=+V2

. The stationary points are (0,0),(\/5, —\/?),(—\/7,\/7)

(0.0) (V2,—V2) | (V22
A —4<0 20> 0 20> 0
=12x% -4
B=4 4 4 3
‘ -4 20 20
=12y* -4
45 ~8° 0 384> 0 384> 0
Conclusion Cannotbe an | Minimum Minimum
extreme point point point




Minimum at (v2, —v2)
=(V2)' + (-v2)' - 2(v2)" + #2(~V2) - 2(—V2)’
—4+4-4-8-4
-—8
Minimum at (—v2,v2)
=(-v2)' + (V2)' - 2(~V2) +4(~V2]VZ - 2(v2)’

=4+4-8-4-4=-8

Obtain terms up to the third degree in the Taylor series expansion of e*siny

about the point (1,%)

Solution:
Function Value at (l,"?)
f (x,y) =e*siny f=e
fr=e*siny fe=e
fy=e*cosy fy =0
fex—e*siny fex=¢
frxy— €' cosy fey =0
B=—e"siny fyy=—¢
fexx = €Xsiny fexx =¢
fixy =€%cos y fexy =0
Jopy=—€"SinNy feyy = —€
fyyy = — e*cosy fyyy =0




By Taylors theorem
f(xy)= f(ab)=[(x - a)fila,b) + (v — b)fy(a, b)]
+ =[x — @)% fir(@,b) + 2(x — @) (¥ — b) fiy (@, b) + (v — b)*fyy(a, b)]
=[x = @)% frax(@, b) + 3(x — @)?(¥ — b) fray (@, b) + 3(x — @) (y —

b)*fyyy(a, b) + v = b)3fyyy (@, b)] + -+
Put a = l,b — ﬂ?

foy)=e+s[G—De+(y-Z) (@] +
- +20- DO -2 +(y-2) (-o)] +
- [(x —1%e+3( - D (y-2) @ +3x-1)(y - ”7)2 (—e) +
(-5 @]+
fry=ettx-—De+ %[(x ~1e+(y-2) (—e)]

+3—1! [(x —1)3e —3e(x - 1) (y — "?)2] + -

Expand e*log(1 + y) in powers of x and y upto terms of third degree.

Solution:
Function Value at (0,0)
f(xy)=e*log(1l+y) f=0
f=e log(1+y) fi=0
— =1
fy=e* 1+y fy
fxx =€*log(1 +y) fex =0
1 —
fxy = exm fxy 1
__x_1 fyy ==
fyy = e (1+y)?




fxxx:exlog(l +y) fxxx =0

Al —
fxxy:exm fxxy_ 1
f = i 1 fxyy = =3

xyy (1+y)?
fyyy =2

_ x
foyy = 2 (+y)?

By Taylor‘s theorem

f(xy) = fab)+[(x - a)fi(ab) + (v — b)fy(ab)] +

10— @2 a(a,0) + 20 — ) = By (@5) + & = by (a, )]
42 (0 = @) fexx (@, b) + 3(x = )2y = b) fuxy(@,b) + 3(x — @) (¥
D foy@b)+ =Dy (@b)] + -
Puta=0,b=0
£ (x,9)=0+1[0(0) + D] +2 (@) + 200D + 7 (=D

= [()3(0) + 32 M) + 3@ *(D + GP@) ]+

- 2xy-y? 3x2y-3x y?+2y°3
=yt =t 3! e

Expand x2y? + 2x% y + 3 x y? in powers of (x + 2) and (y — 1) up to the third degree
terms.

[A.UAM 2014) (A.U Jan. 2012]
[Ans:6 + [(x +2)(—9) + (¥ — 1)(®)] + 3 [(x + 2)2(6) — 20(x + 2)(y —

D+ -12E0+5[x+220 - 1)) + (x+2)( =1 )%(6) ] + -



9.

If g(x,y) = Y(u,v) whereu = x* — y*> and v = 2xy then prove that

o, P04z, 2, P
ax2+ay2_4(x +y)(au2+av2)

Solution:
Given u = x?2—y?,v = 2xy

ou v __
6x 2 E o 2}’
d F]
—=-2y, ==2x )
Y ’ / \

ag oY du . dP dv

a_x = Ea Ea_x ( ) u v

/7 \ VAN

99 _ 9y ou | 2y
6_y_ du dy  dv (2) X y Xy

1) = 2=+l

%9 _ LBy L it
a——a(ax)—z(x +¥ )2(xau ¥t

ax
P
f-2(¢+y )
g
—4[x262 +2xyaa + y? 6v2]
og _ 9% (/2
(2) =>——au( 2y)+av2x

W g SO 00
_2( y6u+x6v

9’g _ 9 ,0g, _ 9. Y 6_1/)
6_)/2__(_ 2(— ya +x )2( y +x

9%y 0y | 20%
=4[yza—2—2xya R ] sl

a*g | d*g _ 2 2
B)+#) :ﬁ*—ay = 4{(x* +)’)62+(x +}’)au2}

a a
=42 +y)CE+ 2%

av?

Hence proved.



10. If z is a function of x and y where x = e+ e Vandy = e " — e?, show that

9z 0z __ x az az
du Odv ax ay

Solution:

Given x =e¥*+ e V;y=e* - e’

aIx _ 4 dy __ —u
ou = ou d
a—x' — _e_U 2 = _ev z
v ? v / \
dz __ 0z Ox dz dy ( ) x
du ~ dxodu dyou s\ /y\
dz _ 0z Ox dz dy
v~ axdv = dyadv - (2) T TR P
9z 9z 4 0z _,
= _——— J———
(1) du ax o dy g
(2) = z — —a—z -v _a_zeV
av ax ady
az az az az
= 2y = 2222 T nsu -vy _ 92, -u_ v
(1) ( ) ou v ax (e te ) ay € )
_ 0z az
— T ox yay

Hence proved.



11.

A rectangular box open at the top, is to have a volume of 32cc. find the dimensions

of the box that requires the least material for its construction.

Solution:

Let x,y, z be the length, breadth and height of the box.

Surface area = xy + 2yz + 2zx

Volume = xyz =32
Let the auxiliary function F be
F(x,y,z, L) =(xy + 2yz + 2zx ) +A(xyz — 32)
Where A4 is Lagrange Multiplier

a Fl
g_i=y+22+ Ayz £=x+22+ Axz a—£= 2x + 2y + Axy
When F is extremum

aF_O 8F_0 aF_O

ax dy 0z
y+2z+ Ayz=0 x+22+ Azx=0 2x+2y+ Axy=0

= y+2z=—-Ayz =2x+2z = —Ayz =2x+2y = —Axy

1,2 _ Sups o 2=

From (1) and (2), we get From (2) and (3), we get
2 2 2
—t—==—+= —t=—==t=
zZ Yy Z X z x y x
2 2 1 2
y x z y
x =y ..(4) y = 2z s551( O
From (4) and (5), we get
x=y =2z
Volume=xyz = 32 = (22)(22)z=32 =42z3=32
z3=% = § =2z2=2 i.e. x 4, y=4,z=2

~ Cost minimum whenx =4,y =4,z =2




12. Find the dimensions of the rectangular box without top of maximum capacity with
surface area 432 square metre

Solution:

Let x, y, z be the length, breadth and height of the box.
Surface area = xy + 2yz + 2zx = 432

Volume = xyz

Let the auxiliary function F be

F(,y,z Ah)= xyz+ A (xy+2yz+2zx — 432)

— A 2 aF— +A(x+22) aF— A2 2
ax—yz+ (y + 22) ay—xz X z aZ_xy+ 2y + 2x)

To find the stationary value.

E.=0 F,=0 E=0
vz+A(y+22)=0 xz2+A(x+22)=0 xy+AQR2y+2x)=0
= yz= —A(y+22) = xz= —-A(x+22) = xy= —-AQ2y+2x)

y+2z -1 x+2z -1 2y +2x -1
- yz -7 Z Txz 71 - xy a3
= %+§=-—%.u) = l+—=-—% @ | = Z+3=--%...(3)

From (2) & (3),we get

T 2 1 2 1 2 2 2

—t—=—4- —t—=—+=

g ¥y 2 X F X .

2 2 1 2

= —= - = —_—— -
y x z

=2y=2z ..(5)




From(4) & (5),weget x =y =2z

Surface area = xy + 2yz + 2zx = 432
(22)(22) + 2 (2z)z+ 2z (2z) = 432
47% + 42° + 42% =432

1222 =432
22 =36 ~z =6
Ly=12. =1 z=5§ by (6)

Thus, the dimension of the box 1s 12, 12, 6.

Maximum volume =12 x 12 x 6 = 864 cubic metres.

13. The temperature u( x,y,z) at any point in space is u = 400xyz? .Find the highest
temperature on surface of the sphere x* + y>+ z2 =1 .
Solution:
u=f= 400xyz? ..(A)
0= x24+y2+22-1=0 ..(B)
Let the auxiliary function F be

F(x,v,z,A) = 400xyz?> +A(x%+ y?+ z2- 1)

To

aF—400 2 +2(2x) 6F_400 2+ 22y) aF—800 A(22)
i yz* + X By Xz y e xXyz + z
find the stationary value.
E.=0 E,=0 E=0
400yz? +21(2x) =0 400xz? +2(2y) =0 800xyz+ A(2z) =0
400yz? = —-1(2x) 400xz%? = -1(2y) 800xyz = — 1(22)
200yz? 200xz? 400xy=-2..(3
xy 2 = —h yxz =i .2 o )

From (1) & (2), we get y2 = x?% ....(4)
From (2) & (3), we get z2 = 2y? ....(5)
From (4) & (5), we get
x2=y? =§ 22 ..(6)
(B) = %zz+§zz+zz—1 =0
= =l

=72 = = z=%

[N I
[0 I



© =x*=2(3)=3
® =y2=3(3)=;

: |

- — — -
2\2) T 4 y=%
u = 400xyz? , we select x,y, z to be positive

SRCLLE

=>u=>50

Maximum temperature is 50



UNIT IV

INTEGRAL CALCULUS

Problems:

1. Evaluate f03(x2 — 2x)dx by using Riemann sum by taking right end points as the sample
points.

Solution:

. b— 3
Take n subintervals, we have Ax = Ta ==

Slo

3 _ 9 _3i _
xO—Oxl—; Xg = 20Xz = -y, Xi = — s Xy = —

Since we are using right end points.

Jy (% = 22)dx = lim BT, f (x)Ax

tim 2t (3) )

=1im 2y, |52 -2¢)|

n—-oo N

= lim = Z [—l ——i]

n-ocon

= lim

n—oo n3

[n(n+1)(2n+1)] 18 n(n+1)
n—)oo 712 2

= lim :Tn [1 + ﬂ [2 + =|- lim = n2 n(n+1) [1 + ]

n—-oo n-oocon

=2 (1)@ -9D)

=9-9=0
T CosSXx
2. Evaluate 2 ———
Solution
Letl—f_&dx (1)

0 sinx+cosx

T cos(g—x)

= fOZ

sin(g—x)+cos(g—x)



T -
1= (2 sinx

.2

0 sinx+cosx ( )

T cosx T sinx
(1) +(@2) =2l=[z— dx+ [z—"X

0 sinx+cosx 0 sinx+cosx

Vs .

_fE cosx sinx
0 sinx+cosx sinx+cosx

T .
_ f551nx+cosx
0 sinx+cosx

=J21ldx

3. Evaluate follog G — 1) dx

Solution:

—~~
|_\
N
+
—~~
N
N
n
I
S
o
(0)¢]
VN
0
X
N—"
a
=
+
h
o
(01¢]
|
N——
<Y
K

= fol log1 dx



=f, dx=0

~21=0
1=0
2
4. Using integration by parts, evaluate [ (lof,f > dx

Solution:
_  (ogx)?
Let | = [ L220 gy
fudv =uv— vdu
u = (logx)?

du = 2(logx) G) dx

dv=x—2dx
1

Jdv=[—dx
o 1

1= (logn)? (Z) - [ (3) 2 togn) (3) ax
=— % (logx)* + 2logx (xiz) dx

Again let u = logx

1
du =-dx
X
1
dv = = dx
X
1
v= —-
X

-1\ 1

() top + 2000 (€)1 (2)2 1
= (_1) (logx)? — 2 (%) logx + 2 fxizdx

= (_1) (logx)? — 2 G) logx — 2 G) +c



5. Evaluate [ tan™xdx. Also find fol tan~txdx

Solution:

Letu = tan™1x

1

du = s dx
1+x

dv = dx

v=[dx=x

fudv =uv— vdu

1
1+x2

[ tan ™ xdx = xtan™1x — fx( ) dx

:xtan_lx—f( : )dx

1+x2

Takef( : )dx

1+x2

Putt = 1+ x?

dt = 2xdx
x 11
[ (15) de=f 15t
1.1
=3 7dt
1

:Elogt

= %log(l + x?)

(D)

()= [tan lxdx = xtan™'x — %log(l +x3) +c...... (2)

To find f01 tan~txdx

Yan—1 _T_1
(2) = |, tan xdx = —~log2



6. Find the reduction formula for [ sin™xdx

Solution:

T

= Vs
-1 . _ 2 n—-1 0~ . -
(1) = I, = |—cosxsin™ x|* + — [2 sin™ 2xdx
n n 0 n 0

-1
:0—0+in—1n_2

n—1 n—3 n-—5

L m — n_4...510(ifniseven)
=

n—1 n—3 n-5 21_ < odd
- % 473 1(if nis odd)

7. Evaluate [ cosec3xdx
6

Solution:
n n

Let | = [ cosec®xdx = [# cosec®xcosecxdx
6 6

Put u = cosecx
du = —cosecx cotx dx
dv = cosec?xdx
v = [ cosec®xdx = —cotx

fudv =uv — vdu

T

- fg(—cotx) (—cosecx)cotxdx
6

o | = [cosecx (—cotx)]

olqwly

(21 3
= (%E) —(-2v3) - fg cosecxcot?xdx



= g + 2v/3 — 2 cosecx(cosec?x — 1)dx
6

T

T
| = _g + 2v3 — [ cosec3xdx + [ cosecx dx
6

6

= % + 2v3 — I + [log (cosecx — cotx]

olqwly

2:——+2\/_ log( %)—108(2—‘/?)
:_§+zv§—1og(%)—1og(z—v§)
=—Z+2V3+log1—logV3 —log (2 —V3)
I=—-+V3-2(2V3-3)

2
8. Evaluate fﬁ

Solution:

Letl—f\/(g—x

Put x = 3sinf
dx = 3cos0do

9sin?6
==

To-osmie)

9sin20
==

J(Bcos)
=9 [ sin?60 do

3cos0do

3cos6do

_ r1—cos6
= [0 do

- 2

9 sin26
I:e T2
2

] +c
9 9
=-0—+ (2sinBcosh) + ¢

= 39 - g (sinBcosB) + ¢



()36 T+

3 2\3 3

zgsin"l(f) S (VO —x2) +¢

3/ 2
9. Integrate the following w. r. t. x
f 2x + 3 dx
x> +x+1
Solution:
let2x +3 =4 ;—x(x2+x+1)+B
2x +3=ARx+1)+B ....(1)
Equating the coefficients of x we get
2=2A
A=1

Put x = 0. We get

3=A+B
3=1+5b
B=12

Therefore (1)= 2x+3=2x+ 1) + 2

f 2x+3 dx :f 2x+1 dx+f

x2+x+1 x2+x+1

dx

x24+x+1

=log(x>+x+1)+2] dx

1
1\2 1
(x+3) +15
1

EEE
x 2 4

=log(x*+x+1)+2] dx

1
=log(x2 + x + 1) + 2 —tan~! (Z—?) +c

(z)

_ 2 i -1 2x+1
=log(x +x+1)+(\/3)tan (\/3)+c

2




10. Evaluate [*_xe™dx
Solution:
Take [ xe ™ dx
Putu = x?
du = 2xdx
[xe™* dx=[e & -

1 e‘”]

=—=e* ...
[Z xe™ dx = f_oooxe‘xzdx + fooo xe ™ dx ...(2)

0 —x2 . —x2
Take [ xe*dx = lim [~ xe *dx
—® to—00 1

0
= lim [-3e™| by (1)
2 t

t—>—o0

= lim [—l+le‘t2]
22

t—>—0o0

Take fooo xe ' dx = hmf xe ™ dx

t—oo

t
= lim ——e‘x] by (1)

t—>—oo

. 1 1 _42
= lim [———e t]

to—oo L2 2

1
2

2 = ffoooxe_xzdx = —§+§= 0






UNIT 5 - MULTIPLE INTEGRALS
PART A

2 g
1. Evaluate foz f: eidydx

Solution: Let I = (xex) dx = x(e — 1)dx

2% 22
= [(x)(ex —x) - (1) (er —"7)]
o

=2e2—4—-e?+2+1
=(2)(e? —2)— [(e*—2) —(1)]
—e?—-1
e
2. Evaluate: foa fa s dydx
Solution:Let I= [ yfom 5 e = Jy VaT = xZdx

a
a2  _xy x
= [?sm ! (;) + E\/az - xz]o

sin (1)

ra®

4

1. Evaluate: f/zf:(rzdm:)
re+a

Solution: Let I = [/2[ [ =] de

2
_1 f ( -1 ) 6
—20 (r? +a?)?
1
ﬁ(e)o
_m
" 4q2
% 2cos8@ o
2. Evaluate: [% [© r’drd6
2
Zcoso
Solution: Letl= [ /2 ( ) =2 f. ? (8cos0 — 0) do
”/z

8
=-§><2f cos36 df



I. Find the limits of integration in the double integral
| fn f(x,y)dxdy,where R is in the first quadrant and bounded by:x=0,y=0,x+y=1.
Solution: The limits are: y varies from 0 to | and x varies from 0 to 1-y.

2. Change the order of integration f: f; f(x,y)dxdy

Solution: The given region of integration is bounded by y=0, y=a, x=y & x=a.
After changing the order, we have, [ = f: f: f(x,y)dydx

3. Change the order of integration for the double integral j'ol f: f(x,y)dxdy

Solution: J'ol fyl f(x,y)dxdy

1. Find the smaller area bounded by y = 2-x and xz+_v2=4.

Solution:  Required area = [ j’z{? dydx [[[VE=x7 - (2 - x)] dx

2 2
- [5\/42 —-x2+ Zsin“fl2 - [Zx —x—l =m—2
2 2 0 2 0

1. Evaluate: f: f: foc (x+y+2z)dzdydx

2. €
Solution: Letl= foa fob (xz +yz+ fz—)o dydx

ab cz
='[f(cz+cy+7) dydx
00
b

a
| 2 t72
0
a
-f hr DSl g
= C 2 2 X
0

i bex?  cb®x  c?bx\"
L2 v 2

bca? i ch*a i c’bha
2 2 2

abc
=T(a+b+c)



2. Evaluate: foa fo,/az-yz f(;/ Y dzdxdy

Solution: Let I= foa s =y J(@% —y%) — x2 dxdy

([x (@ =yN .. =y
=f[§¢m+( _ )
0

2 _ 42
ayo

T m cd a®l ma
- 2 _ 42 = - 2 o = - 3—_  —
_4f(a y9)dy 4Iay 3]0 4[a 3l 3

242 b 0
3. Evaluate: [ f'h : f'/l g xyzdzdydx
Vit JiE-x-y?
Solution: Let I= f j' e (-zi) dzdydx
2/9
VEE

1
=§Ix f y(1—x*—y?)dy|dx

1 viZ-xZ
==1x (1 xz)———]
N

1 1
(12_x2)2 (12_x2)2 . 1[ 5 it
fx 5 2 dx-§ x (1% —x%)%dx
0

(12 2)31_1
3 |

s j(lz —x%)?(—2xdx) = —

4. Evaluate: foz 3 J’: f: risinpdrdodd

5. a
Solution: Let 1=/ d6 [/ (%) singdo

n 2n 2n
5 5 47[(15

2n
a® a’
= f f singpdp = ( —cos@); df = ==
0 0




PART B

PROBLEMS BASED ON DOUBLE INTEGRATION IN CARTESIAN COORDINATES

1. Evaluate: [[ xy(x + y) dxdy over the area between y = x* and y=X.

Solution:The limits are: x varies from 0 to 1 and y varies from x” to x.

I= fol f;z(xzy + xy?) dydx

x5 x7 x8\'
=(?_ﬁ_24)
3
" 56

2. Evaluate: [[ x2y2dxdy over the region in the first quadrant of the circle x’+y’=1.

Solution: In the given region, y varies from 0 to V1 — x? and x varies from O to 1.
Vi-x2

e 2
I=[ f, =~ x*y*dydx
Vi-x2
= folxz (y;)o dx = %fol x2(1 — x2)¥2 dx

Put x = sinf. Then dx = cos0d0. 6 varies from 0 to n/2.

K /2 2 ™
1 1 1
sHl= §f sin®fcos*0 do = §f (1 — cos?6) cos*0do = §|} cos*0de —f cos®0de

[ V=
| [ [Py+x? )d)dX]

o] x

3. Evaluate:

. =t /7 2 2 L 3 2 2 - *y o =
Solution : Let I—I[_!:(x y+xy )d)dx:I— ![I(X V+xy )ajdx:l- !(T.g.Tl dx

o

-(Z=2)- (55} =[x_‘+i_§(x_5)]
\2 3 2 3 8 (%)(3) 6\5 /|

I 2} 21+16-28 9 3
it S G e R R e e S
£ 21 & 168 168 56

x

|



PROBLEMS BASED ON POLAR FORMS USING DOUBLE INTEGRATION

1. Evaluate: [[ r’sin8drd@ over the cardioids r = a (1+c0s0).

Solution: The limits of r: 0 to a (1+cos6) and The limits of 6: 0 to 7.

a (1+cosb)
I= f_fa(“mse)r sinf drdf = f(rs) sinfdf

a? H
-3—1. sinf(1 + cosB)3do
0

Put 1+co0s0 = t then —sinf d6 = dt

When6=0,t=2
When 6 =mt=0.

2
_aJ‘ _a( ) _4a3
30 3 5 3

2. Evaluate f: f; e ") dxdy using polar cordinates

Solution: x = rcos@,y = rsinf,dxdy = rdrd@ are the polar coordinates for the above integral

1= fgfw e T rdrdf = f%fw e ™ l d(r?)de = L%l[—e'rz]:de
=—-f P de——-f [0 —1]d8 = f de—-[e]f— [" ]

3. By Transforming into polar coordinates , Evaluate ff ( )dxdy over annular region between

the circles x* + y* =10 andx* + y* =4
Solution: Putting x = rcos6, y = rsind = r2cos20 + r2sin%0 = 10 = r2 = 10 = r =10
x =rcos, y=rsind = r’cos’0+r’sinfd=4=r'=4=r=2

and 6 varies from 0 to 2m




f R ex. (r?cos?8)(r?sin’8) ——
f x? + y?2 FEF= f j;m r?cos?0 + r?sin?0 r

2
—f f r3cos?Osin?0 dr do
V1o

2
= f cos?0sin?6 (—)

((2“ (vV10) )

= f cos?@sin?6
o

16 — 100
-+

T
f cos?POsin?6 de
0

z
(—21)(4)f cos?68sin?68 do

o 1111'_ 847t_ 21w
e )422 - 2~ B

PROBLEMS ON CHANGE THE ORDER OF INTEGRATION

1.

Change the order of integration in I = fol f:{x xy dydx and hence evaluate it.

Solution:  Let1= [, [ xydydx

The given region of integration is bounded by x=0, x=1, y=x" and x+y=2.
In the given integration x is fixed and y 1s varying.

So, after changing the order we have to keep y fixed and x should vary.
After changing the order we’ve two regions R; & R;

=1+,

1= fol foﬁxy dxdy + flz Lz-x xy dxdy

1 2
1 ”
=3[y [ni ay
0

=i y?dy+ [Py -y)dy]

1 2
y? 4 y*
€ 2v2 ——y3 4




2. Evaluate f I = J;iryfdydx by changing the order of integration.

Solution: The given region is bounded by x=0, x=1, y=x and x’+y’=2.
1 V2—-x2 X
=Ll ==

Afier changing the order we’ve,

———dydx

The region R is splinted into two regions R;& Rs.
InRy: limits of x: O toy & limits of y: O to |

In Ry: limits of x: 0 to /2 — y2 & limits of y: 1 to V2

I= 11+l

=l == T dxdy

= [(FF7), ay=2-1) [ yay = (Z-1)(3)

L= [ e dxdy

N

=(2-\/§)—'2-
1=(V2-1)(3)+(2-v2) -3

3. Evaluate by changing the order of integration in f: ffzf dydx
4

Solution: Letl= f f d dx

The given region of integration is bounded by x=0, x=4, y =% 2/ 4 y

After changing the order we’ve
Limits of x: y*/4 to 2\y
Limitsofy: 0to 4

= fyz , dxdy=16/3.

(Va7 +5?) dy f(‘/— y)dy = (V2 - 1)( )+ﬁ(y)f—(£)l

2

=4x



I 2-x

4. Change the order of integration in / =I I S(x, y)dvdx
0 5

I 2-x

Solution: Given / =I I S(x, y)dvdx
0¥

The given region of integration is bounded by x=0, x=1, y=x" and x+y=2
In the given integration x is fixed and y 1s varying

So, after changing the order we have to keep y fixed and x should vary.
After changing the order we have two regions R; & R;

I=;+1

1Ay 291
£ II f(x, v)drdv+j If(x v)dxdy

PROBLEMS BASED ON AREA AS DOUBLE INTEGRAL

I. Find the area of the region outside the inner circle r=2cos@ and inside the outer circle r=4 cos@ by

double integration.

Solution: Required Area = [[ rdrd8
=2 2 [ g

2cosf

n n
/2 . /2 1 n ,
= j (r})zossde = 12[ 0520 = 12 X = X = = 3msq. units
? A 2 2
2. Find the area of the circle of radius ‘a’ by double integration.
Solution: Transforming Cartesian in Polar coordinates
(1.e.) x=rcosb & y=rsinf. Then dxdy = rdrd
limits of 6: 0 to= and limits of r: 0 to 2acosf

Required Area = 2xupper area
= [z f:acosn rdrd

- J’(:Er(rZ)(z)acoso do

(ST

= 4q? f 05?0 df = 4a*=.= = ma*sq.units
0

Nlr—-
Nl:&



3. Find [ 3 drd@ over the area bounded between the circles r = 2sin & r= 4sin0.

Solution: In the region of integration, r varies from r=2sin6& r= 4sinf and 0 varies fromOto 7.

II:}smO 3d 6

2sin0
§ 7% e ST 7
=-f (r“)z:{{,'od():—f sin"9d9=60xzj sin*6 d@
4 0 4 0 0
3 1 m 45n ,
=120 X y X 3 X e -2—sq.umts.

- -

2 2
4. Find the area enclosed by the ellipse = + = = 1
b
Solution: Area of the ellipse =4 x area of the first quadrant =4 foa J= T dydx

a a
LN 4b
-4f(y)“a € x-;f\/az—xzdx
0

0
= 2+ 3% _4b azn_ ; 3
a‘—-x sm ao_a > |7 = mabsq. units
5. Find the area inside the circle r=asin@ but lying outside the cardiod r=a(1-cos8)

Solution: Given curves are r=asinb and r =a(1-cos0)

The curves intersect where a sin 6 =a (1-cosf)

—asinf=a-acosd —asmb+acosb=a = sin 0 + cosh =1
E 2 | 1 y T T |
= —SNf+—cosf = — = SINHcos—+cosf—cosf = —
2 2 2 4 4 2
Gl ¢ | ;o T T T
= sn(f+—) = —==sIn— =>0+—=—(or)r——
L V2 4 i AT
:0=O(or)9+£=7r-£ :ezﬂ-z_ﬂzn-fsz
4 4 4 z 2

:>9=0(0r)0=%



2 =/2

x/4 asmd 2127 2\ asmb
. The required area = I IrdrdB = J‘(%) dé %Ism O —(1+cos” 6— 2cos¢9)10
0

0 a(l-cosd) 0 a(l-cosd)

2 2/2 z x/2
a? Ism 6 -cos® 0 —1+2cosO)do= = [J.(l—coszﬂ—coszf)—l+2cost9)dﬁ]
0 0
al z/2 " xl2
7 j( 0056—2c0529)dt9 J.cose—oos2 9)d9
1] 0
=/2 [ =12
=d (smH - Icosl&iﬂ} =da’[1- j(”coszg)dﬁ]
L 0 L 0 2
B . x/2 r
= 4 1-1[0+S‘“29] = & l-l(f+oJ-o]
2 2 L 8§
=aZ-l_£ _a-(4_ﬂ.)
41 4

6.Find by double integration, the area enclosed by the curves y* = 4ax and x* = 4ay

ARSS: PP =AaX () A =AY i ()

y y? Z
Sub (1) in(2) we get [E] = 4ay
4

16a2
yi—64a’y=0= y(y*-64a*)=0

y=0or Y’ —64a*=0 = y*=64a® = y=64a®= y=4a
If y=0 =x=0; y=4a=x=4a

=4ay = y*=64ay

Therefore the point of intersection of (1)&(2) 1s (0,0) and (4a,4a)

2
x Varies from0 to4a and y varies fromi—a to 2Vax

The required Area = f f d dx = foml}’]yfz\/a_x dx = I: “(2vax - :721] dx
i

“sa

4a

3
x2 18 16
=[er 53| =3
2 0

10



PROBLEMS BASED ON TRIPLE INTEGRAL

logux.xty
L Evaluate | [ [e*"*ddyey
000
loga x x+y loga x loga
i [ [ 42 XEy4 x4y xs
Solution : je”’* d=dydx= Ille‘m )yl = II(" 2sey) _ g#47)
000 00 00

loga (" 4y i loga
B I e—-ie2’+e’ o L
s 12 il 2 2

= (leuoga _Eelloga +eloga]_[l _§+ l)
8 4 3 4

1 3 2
a’ -=a +a-=
4 8

i
8

2. Evaluate ﬁ] r +y° +"\ﬂxd)d.
000
ab[ 3 o ab
Solution:Izjl[i+}f2x+:2xld}¢ ”[C—H) +cz }dyd.
00 3 00
_iler, ot . _ilch, e, ],
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3. Find the volume bounded by the cylinder x*+y’=4 and the planes y+z=4 and z=0.
Solution: The limits are:

Z varies from: 0 to 4-y

X varies from: -\/4 — y2 10 /4 — y?2

Y varies from: -2 to 2.



Required volume =2 f_zz i A f: ™ dzdxdy=2 f_zz I (4 — y)dxdy
=2 [ (4— )@ dy=2 [* (4 —y)JE—yZ dy
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4. Find the volume of the tetrahedron bounded by the plancf + ly-’ + f =1 and the coordinate plane.

Solution: The limits are:

X varies from 0 to a

Y varies from 0 to b(l - E)

Z varies from o to c(l - % - %)

Required Volume = [[[ dzdydx
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4. Find the volume of the sphere x’+y*+z’=a’ using triple integral.
Solution: Required Volume = 8 x volume in the positive octant = 8 [f[ dxdydz
Limits of integration are:
Z varies from 0 to m
Y varies from 0 to VaZ — x2

X varies from 0 to a
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Volume = 8 f I ol fo‘/a KX dzdydx =8 f {2 e (z )JaZ"xz-y * dydx

=8 [ [ e Ja? — x% — y2 dydx
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ap f (a -X )sin’l(l)dx = 2;;_[: a? —x?dx= 21t[azx =3 ,;—3]:
_2,[[ ] = —cu units

5. Find the Volume of the ellipsoid — x + + —1

Solution: Required Volume = 8 x Volume in the first octant

Limits of Integration are:

Z varies from0Otoc

Y varies fromOtob |1 —:—z

X varies from 0 to a.
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Volume = 8 fo Wi 2l ) dzdydx
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4nabe .
= Tcu. units
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