
        DMI College of Engineering -Palanchur 
MA3151 –MATRICES AND CALCULUS 

Unit-1   - MATRICES 
PART- A 

   
Unit-1/ Matrices 
A matrix is simply a set of numbers arranged in a rectangular pattern. 
Types of Matrices: 
A matrix having only one row is called a row matrix. Thus A = [aij]mxn is a row 
matrix if m = 1. 
Ex. A = [1 2 4 5] is row matrix of order 1 x 4.  
A matrix having only one column is called a column matrix. Thus,  
A = [aij]mxn is a column matrix if n = 1.  

Ex.  = 


 
൩ is column matrix of order 3 x 1.  

If in a matrix all the elements are zero then it is called a zero matrix  
Ex  = ቂ 

 ቃ 
If in a matrix there is only element then it is called singleton matrix. 
Ex  = [], =  ,[ࢇ]
 
If the number of rows and the number of columns in a matrix are equal, then 
it is called a square matrix. 
 
Eigenvalues and Eigenvectors: 
 
Linear equations Ax=  b come from steady state problems. Eigen values have their 

greatest importance in dynamic problems. This chapter enters a new part of linear 

algebra, based on Ax=  x. All matrices in this chapter are square. Where  is a 

eigen values and x is a eigen vectors. The Characteristic equation isdetหA −   I ห = 0 

involves only   not in x. Its roots are called eigenvalues and ൫A −   I൯X = 0 

corresponding eigenvectors. 

Properties: 

 Let  A be a K x K square matrix. A scalar   is an eigenvalue  of A have the 

same eigen value of AT. 

 The diagonal elements of a triangular matrix are equal to its eigenvalues. 

 Sum of the eigen values(Trace of A)  = sum of the main diagonal elements 

 Product of the eigen values = Determinant of A=  |A | 

 Eigen values of A = Diagonal elements of triangular matrix(Upper or Lower) 



 If ⋋,⋋⋋ … … …  are eigenvalues of an n×n matrix A, then ⋌.

⋋
⋌,

⋌,
,ܖ … … … . ⋌.

 .are the eigenvalues of An 

 

 Cayley – Hamilton Theorem: 

Every squarematrix statistics its own characteristic equation. 

1. Find the sum and product of the eigen values of matrix  = 
  
  
  

൩. 

Sol: 

Sum of the eigen values = sum of the main diagonal elements= 1+2+3 =6 

Product of the Eigen valves  = |A| 

=1(2) – 1 (1)+1(0) 

=1 

2. The characteristic equation of a matrix A is ⋋−  = , whit is A3? 
 
Sol: 

The char. equation of A is 

⋋ଶ− 2 = 0 

ଶܣ − ܫ2 = 0 [By CHT] 

Premultiply by A 

ଷܣ − ܣ2 =  0   ܣଷ =  ܣ2

3. If 2, 3 are eigen values of  = ൭
  
− − −
  ૠ

൱ then find the third eigen 

value. 
 
Sol: 

Given  ⋋ଵ= 2,⋋ଶ= 3 

By Property, 

Sum of the eigen values = Sum of diagonal elements  

    ⋋ଵ+⋋ଶ+⋋ଷ                         = 3 − 3 + 7 

      2 + 3 +⋋ଷ                         = 3 − 3 + 7 = 7 

       ⋋ଷ= 2 

 

 
 



4. Given
−  
 − 
  

൩, find the eigen values of A2. 

 

Sol: 

By Property, 

Eigen value of A = Diagonal elements of triangular matrix 

  Hence the eigen values A are -1, -3, 2 

By Property, 

Eigen value of A2are  (-1)2, (-3)2, (2)2,   1, 9, 4. 

5. Find the sum and product of the eigen values of matrix = 
  
  
  −

൩. 

 
Sol: 

Sum of the eigen values = 2+3 –6= –1 

Product of the eigen values = |A| 

=2 (–19) –1(–8)+2(–5) 

= – 40 

6. Write the matrix of the Quadratic form 4x2+ 2y2– 3z2+ 2xy + 4xz 

Solution  
 

Matrix of the Quadratic form ൭
4 1 2
1 2 0
2 0 −3

൱. 

7. If⋋,⋋⋋ … … …  are eigenvalues of an n×n matrix A, then show that ⋌.

⋋
,⋋

,⋋
, … … … . ⋌.

 are the eigenvalues of A3. 
Solution  

By defnݔܣ =⋋⋋ .......... 

Premulting by A in  

(ݔଶܣ)ܣ = ⋌)ܣ  )  ∵⋋is a eigin valuesݔ

(ݎݔܣ)ܣ =⋋  by  (ݔܣ)

ݔଶܣ =⋋ (⋋⋋) 

ݔଶܣ =⋋
ଶ  ݔ

ݔଷܣ =⋋
ଷ  ݔ



8. The product of two eigenvalues of the matrix = ൭
 − 
−  −
 − 

൱is 16. 

Find the 3rdeigen value. 
 
Solution  

Product of the eigenvalues of ܣ =  |ܣ|

Given ⋋ଵ⋋ଶ= 16 (݅ܿ)⋋ଵ⋋ଶ⋋ଷ= 16|ܣ| ⋋ଷ= 6(9− 1) + 2(−6 + 2) + 2(2 − 6) 

|6 ⋋ଷ= 32 

⋋ଷ= 2 

9. Verify cayley’s – Hamilton theorem for  = ቀ  −
−  ቁ 

Solution 
ܣ| −⋋ |ܫ = 0 ⇒⋋ଶ− 8 ⋋ +14 = 0 

ଶܣ − ܣ8 + ܫ14 = ቀ10 −8
−8 26ቁ − ቀ24 −8

−8 40ቁ + ቀ14 0
0 14ቁ = ቀ0 0

0 0ቁ = 0 

10. Determine the nature of the Quadratic form ܠ + ܡ − ܢ + ܡܠ − ܢܠ+

ܢܡ. 

 
Solution 

The matrix of the Q.F is ൭
2 1 −2
1 2 1
−2 1 −3

൱ 

ଵܦ = |2| > 0 

ଶܦ = ቚ2 1
1 1ቚ = 4 − 1 = 3 > 0 

ଷܦ = อ
2 1 −2
1 2 1
−2 1 −3

อ = 2(−6 − 1)− 1(−3 + 2)− 2(1 + 4) 

2(−7)− 1(−1)− 2(5) 

14 + 1 − 10 

−23 < 0 

∴ The given Quadratic form is indefinite. 

11. If the sum of two eigen values and trace of 3×3 matrix A are equal. Find the 

value of |A|. 

 

Solution  

Let ⋋ଵ ,⋋ଶ,⋋ଷ he the eigen values of the matrix A 



Given: 

Sum of two eigen value = Trace of the matrix A 

⋋ଵ+⋋ଶ=⋋ଵ+⋋ଶ+⋋ଷ 

⋋ଷ= 0 

Product of the eigenvalues |ܣ| =⋋ଵ⋋ଶ⋋ଷ= 0 ⟹  .0|ܣ|

12. Find the characteristic ruots of the orthogonal matrix ቀܿߠݏ ߴ݊݅ݏ−
ߴ݊݅ݏ ߴݏܿ ቁand verify 

that they are of unit modules. 

Solution 

ܣ = ቀܿߠݏ ߠ݊݅ݏ−
ߠ݊݅ݏ ߴݏܿ ቁ 

The Char. Equation is |ܣ −⋋ |ܫ = 0 

ቚܿߠݏ −⋋ ߴ݊݅ݏ−
ߴ݊݅ݏ ݏܿ −⋋ቚ = 0 ⋋ଶ− 2 ⋋ ߠݏܿ + 1 = 0 

⋋= ߠݏ2ܿ ±
√4105ଶߠ − 4

2 = ߠݏܿ ±  ߠ݊݅ݏ݅

∴The Char roots are ܿߠݏ ± |⋌|ߠ݊݅ݏ݅ = ߠݏܿ| ± |ߠ݊݅ݏ݅ = ߠଶݏܿ√ + ߠଶ݊݅ݏ = 1. 

13. Prove that two similar matrices have the same eigen value. 
Solution 

Let A and B be two similar matrices.  Then by definition ܤ = ܲିଵܲܣ 

ܤ −⋋ ܫ = ܲିଵܲܣ −⋋  ܫ

ܲିଵܲܣ − ܲିଵ ⋋  ܲܫ

ܲିଵ(ܣ −⋋  ܲ(ܫ

ܤ| −⋋ |ܫ = |ܲିଵ||ܣ −⋋  |ܲ||ܫ

ܣ| −⋋  |ଵܲିܲ||ܫ

ܣ| −⋋  |ܫ

Thus A and B have the same characteristic equations. 

∴ A and B have the same eigen values. 

14. If ቀቁ is an eigen vector of the matrix ቀ 
 ቁ then find the corresponding 

eigen value.  
 
Solution 

ܺ = ቀ4
1ቁܣ = ቀ5 4

1 2ቁ 

 Corresponding eigen vector (ܣ −⋋ ܺ(ܫ = 0 



ቀ5 −⋋ 4
1 2 −⋋ቁ ቀ

4
1ቁ = ቀ0

0ቁ 

(5 −⋋)4 + 4 = 0  20 − 4 ⋋ +4 = 0   4 ⋋= 24 ,⋋= 6 

4 + (2 −⋋)1 = 0   −⋋= −4 − 2 = −6 ,⋋= 6 

 

 

15. . The product of two Eigen values of the matrix 
6 2 2
2 3 1

2 1 3
A

 
    
  

is 16. Find the 

third Eigen value. 
 

Solution: 
Let the Eigen value of the matrix A be 1, 2 3,    
Given 1 2 16    
We know that 1 2 3 A     

1 2 3

6 2 2
2 3 1

2 1 3
  


   


6(9 1) 2( 6 2) 2(2 6) 6(8) 2( 4) 2( 4)             

48 8 8 32     

1 2 3 3 3
3232 16 32 2
16

           

16.  Two of the Eigen values of 
3 1 1
1 5 1

1 1 3
A

 
    
  

are 3 and 6. Find the Eigen values 

of 1A . 
 
 

Solution: 
Sum of the Eigen value 3 5 3 11     
Let k be the third Eigen value 

3 6 11k     
9 11k   

2k   

 The Eigen value of 1A are 
1 1 1, ,
2 3 6

 

17.  State Cayley – Hamilton theorem. 
Statement: 
Every square matrix satisfies its own characteristic equation. 
 

18. Write the matrix of the quadratic form 2 22 8 4 10 2x z xy xz yz     
Solution: 



2

2

2

1 1
2 2

1 1
2 2
1 1
2 2

coeff x coeff xy coeff xz

Q coeff yx coeff y coeff yz

coeff zx coeff zy coeff z

 
 
 
   
 
 
  

 

2 2 5
2 0 1
5 1 8

Q
 
   
  

 

19.  Determine the nature of the following quadratic form 2 2
1 2 3 1 2(x , x , x ) x 2 f x  

Solution: 
The matrix of the Q. F is 

2
1 1 2 1 3

2
2 1 2 2 3

2
3 1 3 2 3

1 1
2 2

1 1
2 2
1 1
2 2

coeff x coeff x x coeff x x

Q coeff x x coeff x coeff x x

coeff x x coeff x x coeff x

 
 
 
   
 
 
  

1 0 0
0 2 0
0 0 0

 
   
  

 

1 1 1 ( ve)D    , 2

1 0
2 ( ve)

0 2
D   

,
3 0D   

 The Q. F is said to be positive semi definite. Or one eigen value is zero others positive 
valus then its positive semi definite 

20. . Find the sum of the squares of the Eigen values of 
1 7 5
0 2 9
0 0 5

 
 
 
 
 

 

Solution: 
Eigen values are 1, 2, and 5 
Sum of the squares 2 2 21 2 5 30    

21.  Write the matrix of the quadratic form 2 2(x, y) 3x 2 y 4xyQ     
Solution: 

3 2
0 2

A
 

   
 

22. Find the Eigen values of 2A , given 
1 2
0 3

A  
  
 

 

Solution: 
Eigen values of A are 1 and 3 
Eigen values of 2 1,9A   

23. Find the sum and product of Eigen value of 
1 2 5
2 3 4
3 6 7

A
 
   
  

 

Solution: 
Sum of Eigen values = 1 + 3 + 7 = 11 



Product of Eigen values = 8A   

24. . Write down the matrix corresponding to the quadratic form 
2 2 22 2 3 2 4 4x y z xy zx yz      

Solution: 
2 1 2
1 2 2
2 2 3

Q
 

   
   

 

25. Discuss the nature of quadratic form for 2 2 2xy yz zx   
Solution: 

0 1 1
1 0 1
1 1 0

A
 
   
  

and 1 2 30, 1 0, 2 0D D D       

It is indefinite in nature. 
 

26.  For what of k, the vectors  1 2 3X  ,  2 1Y k  and  1 0 1Z    are 
linearly dependent. 

Solution: 

If 
1 2 3
2 1 0
1 0 1

k 


1 2( 2 k) 3(1) 0      2 k 8 0   k 4   

If k 4  the vectors are dependent 
 

27. . If
3
2

X  
  
 

 is the Eigen vector of a matrix A, find the Eigen vector of 1A  

Solution: 
1A is also having the same Eigen vector 

3
2
 
 
 

 

28.  Using Cayley – Hamilton theorem, is it possible to find the inverse of all square 
matrices? Explain. 

Solution: 
Not possible. [Since inverse is possible only for a non – singular matrix] 

29.  If 3 and 5 are the two Eigen values of
8 6 2
6 7 4

2 4 3
A

 
    
  

, then find A  

Solution: 
3 5 8 7 3 10        

3 5 10 150A      

30. . If one of the Eigen vectors of
3 1 1
1 5 1

1 1 3
A

 
    
  

is 
1
0
1

 
 
 
  

 then find the 

corresponding Eigen value. 
Solution: 



A X  Gives 2   
31. . If the Eigen value of A are 2, 3, and 4. Find the Eigen values of Adj A . 

Solution: 
Eigen values of Adj A  = Eigen values 1A A  

Eigen values of Adj A  are 12, 8, 6 
32. . Find the index, signature and nature of the quadratic form 2 2 2

1 2 32 3x x x   
Solution: 
Index = Number of positive square terms in the canonical (given) form = 2. 
Signature = Difference between the number of positive square terms and the negative 

Square terms in the canonical form = 2 – 1 = 1 
Since the Eigen values are 1, 2, -3 (mixed up with positive and negative) the quadratic 

form is indefinite. 
 
 
 

 
 
 
 
 
 
 
 

 
 
 



1. Find the domain of f (x) =
√

2 − √x.

Solution:

f (x) is real if 2 −
√

x ≥ 0

⇒ 2 ≥
√

x

⇒ x ≤ 4.

Therefore the domain of f (x) = [0, 4].

2. Find the domain of f (x) =
x2 − 1
x + 1

.

Solution:

f (x) =
(x + 1)(x − 1)

x + 1
⇒ f (x) = x − 1

Therefore the domain of f (x) is (−∞,∞).

3. Find the domain and range of f (x) =

2 +
√

x − 1.

Solution:

f (x) is real if x − 1 ≥ 0

⇒ x ≥ 1.

Therefore the domain of f (x) is [1,∞).

To find the range, let

y = 2 +
√

x − 1

⇒ y − 2 =
√

x − 1

⇒ (y − 2)2
= x − 1,

a parabola with vertex (1, 2) and

symmetric about x-axis.

Since y = 2+
√

x − 1, this corresponds to

the upper half of the parabola.

Therefore the range of f (x) is [2,∞).

4. State vertical line test.

Solution: A curve in the xy-plane is

the graph of a function of x if and only

if no vertical line intersects the curve

more than once.

5. Determine the nature of the following

functions.

(i) f (x) = 1 − x4 (ii) f (x) = x5 − x

(iii) f (x) = 2x − x2.

Solution:

(i). f (x) = 1 − x4

f (−x) = 1 − (−x)4
= 1 − x4

= f (x).

∴ f (x) = 1 − x4 is an even function.

(ii). f (x) = x5 − x

f (−x) = (−x)5 − (−x) = −x5
+ x

= −(x5 − x) = − f (x).

∴ f (x) = x5 − x is an odd function.

(iii). f (x) = 2x − x2.

f (−x) = 2(−x) − (−x)2
= −2x − x2

= −(2x + x2).

∴ f (x) = 2x − x2 is neither even

nor odd.

6. Evaluate lim
x→0

(3 + x)2 − 9
x

.

Solution:

lim
x→0

(3 + x)2 − 9
x

= lim
x→0

(3 + x)2 − 32

x

= lim
x→0

(3 + x + 3)(3 + x − 3)
x

= lim
x→0

x(x + 6)
x

= lim
x→0

(x + 6) = 6.

7. Find lim
x→1

g(x) where

g(x) =























x + 1, if x , 1

π, if x = 1
.

 Part-A

II Differential Calculus



Solution: At x = 1, g(x) = π.

But lim
x→1

g(x) does not depend on the

value of g(x) at x = 1.

∴ lim
x→1

g(x) = lim
x→1

(x + 1)

= 2.

8. Sketch the graph of the function f (x) =






































x + 1, if x < −1

x2, if −1 ≤ x ≤ 1

2 − x, if x ≥ 1

and use it to

determine the value of a for which

lim
x→a

f (x) exists.

Solution:

From the

graph, lim
x→a

f (x)

exists

for all a except

a = −1, since

the left and

right limits at

a = −1 are

different.

X
1 2 3 4−1−2−3−4

Y

1

2

−1

−2

−3

O

9. If f (x) =
|x|
x

, x , 0, find lim
x→0−

f (x) and

lim
x→0+

f (x).

Solution: Given f (x) =
|x|
x

=























x
x
, if x ≥ 0

−x
x
, if x < 0

=























1, if x ≥ 0

−1, if x < 0

f (x) is not defined at x = 0 but defined

in the neighborhood of 0.

lim
x→0+

f (x) = lim
x→0+

|x|
x
= lim

x→0+

x
x
= 1.

lim
x→0−

f (x) = lim
x→0−

|x|
x
= lim

x→0−

−x
x
= −1.

10. State squeeze theorem.(Sandwich

theorem/Pinching theorem).

Solution:

If f (x) ≤ g(x) ≤ h(x), where x is near

a(except possibly at a) and

lim
x→a

f (x) = lim
x→a

h(x) = L, then

lim
x→a

g(x) = L.

11. Show that lim
x→0

x2 sin

(

1
x

)

= 0.

Proof:

lim
x→0

x2sin

(

1
x

)

= lim
x→0

x sin

(

1
x

)

(

1
x

) = lim
x→0

x

= 0.

(∵ lim
θ→0

sin θ
θ
= 1)

12. If 4x− 9 ≤ f (x) ≤ x2 − 4x+ 7 for x ≥ 0 find

lim
x→4

f (x) using squeeze theorem.

Solution: Let g(x) = 4x − 9 and

h(x) = x2 − 4x + 7.

lim
x→4

f (x) = lim
x→4

4x − 9 = 7 &

lim
x→4

g(x) = lim
x→4

x2 − 4x + 7 = 7

We see that f (x) is squeezed between

g(x) & h(x) near x = 4.

Since g(x) & h(x) have the same limit 7

at x = 4, by squeeze theorem f (x) also

has the limit 7.

13. Evaluate lim
x→∞

4x2
+ 5x + 6

3x2 + 4x + 5
Solution:

lim
x→∞

4x2
+ 5x + 6

3x2 + 4x + 5
= lim

x→∞

x2
(

4 + 5
x +

6
x2

)

x2
(

3 + 4
x +

5
x2

)

=
4
3

14. State intermediate value theorem.

Solution: Suppose that f is

continuous on the closed interval [a, b]

and let N be any number between f (a)

and f (b), where f (a) , f (b). Then there

exists a number C in (a, b) such that

f (C) = N.

15. Test the continuity of f (x) =
x2
+ 5x

2x + 1
, at

Unit II - DIFFERENTIAL CALCULUS



x = 2.

Solution: lim
x→2

f (x) = lim
x→2

x2
+ 5x

2x + 1

=
4 + 10
4 + 1

=
14
5

Also f (2) =
x2
+ 5x

2x + 1
=

4 + 10
4 + 1

=
14
5

.

Since lim
x→2

f (x) = f (2) =
14
5

, we see that

f (x) is continuous at x = 2.

16. Test the continuity at x = 3 for

f (x) =























2x2 − 5x − 3
x − 3

, if x , 3

6, if x = 3

Solution: lim
x→3

f (x) = lim
x→3

2x2 − 5x − 3
x − 3

= lim
x→3

(2x + 1)(x − 3)
x − 3

= 7

and f (3) = 6

∵ lim
x→3

f (x) , f (3),

∴ f (x) is discontinuous at x = 3.

17. Does the curve y = x4 − 2x2
+ 2 have any

horizontal tangents ? If so, where ?

Solution: The horizontal tangents

occur when
dy
dx
= 0.

Now,
dy
dx
= 4x3 − 4x = 4x(x2 − 1) = 0

⇒ x = 0 or x = ±1.

Therefore the curve y = x4−2x2
+2 has

horizontal tangents at x = 0, 1,−1. The

corresponding points on the curve are

(0, 2), (1, 1) and (−1, 1).

18. For what value of a is

f (x) =























x2 − 1, if x < 3

2ax, if x ≥ 3
continuous on

(−∞,∞).

solution:

Let f (x) be continuous everywhere.

⇒ f is continuous at x = 3,

∴ lim
x→3

f (x) = f (3)

⇒ lim
x→3+

f (x) = lim
x→3−

f (x) = f (3)

lim
x→3−

f (x) = lim
x→3−

x2 − 1 = 8

lim
x→3+

f (x) = lim
x→3+

2ax = 6a

⇒ f (3) = 6a

∴ 6a = 8

⇒ a =
4
3
.

19. Find the equation of the tangent line to

the parabola y = x2 at (1, 1).

solution:

Given a = 1 and f (x) = x2

∴ f (1) = 1

Slope m = lim
h→0

f (a + h) − f (a)
h

= lim
h→0

f (1 + h) − f (1)
h

= lim
h→0

(1 + h)2 − 1
h

= lim
h→0

1 + h2
+ 2h − 1
h

= lim
h→0

(h + 2)

= 2.

The equation of the tangent line

through (1, 1) is

y − y1 = m(x − x1)

y − 1 = 2(x − 1)

⇒ y = 2x − 1.

20. If f ′(x) exists, then lim
x→a

f (x) = f (a). True

or false?

Solution:True, since differentiability

implies continuity.

21. Give an example of a function which is

continuous at ‘a’ but not differentiable

at ‘a’.

Solution:

Consider f (x) = |x|.
f (x) = |x| is continuous at x = 0,

since lim
x→0

f (x) = lim
x→0
|x| = 0 but is not

differentiable at x = 0.

22. Evaluate lim
x→
π

2

1 + cos2x
(π − 2x)2

.



Solution:

lim
x→
π

2

1 + cos2x
(π − 2x)2

= lim
x→
π

2

2cos2x
(π − 2x)2

Let x =
π

2
+ y as x→ π

2
, y→ 0.

∴ lim
x→
π

2

1 + cos 2x
(π − 2x)2

= lim
x→
π

2

2 cos2 x
(π − 2x)2

= lim
y→0

2 cos2(
π

2
)

(π − 2(
π

2
+ y))2

= lim
y→0

2 sin2 y
4y2

=
1
2

lim
y→0

(
sin y

y
)2

=
1
2

(lim
y→0

sin y
y

)2

=
1
2
.12
=

1
2
.

23. If c is a constant, prove that
d
dx

(c) = 0.

Proof: Let f (x) = c

f ′(x) = lim
x→0

f (x + h) − f (x)
h

= lim
x→0

c − c
h
= lim

x→0

0
h
= 0.

24. Prove that lim
θ→0

cos θ − 1
θ

= 0

Proof:

lim
θ→0

cos θ − 1
θ

= lim
θ→0

cos θ − 1
θ

.
cos θ + 1
cos θ + 1

= lim
θ→0

cos2 θ − 1
θ(cos θ + 1)

= lim
θ→0

− sin2 θ

θ(cos θ + 1)

= − lim
θ→0

sin θ
θ
× lim
θ→0

sin θ
(cos θ + 1)

= −1 × 0
1 + 1

= 0

∴ lim
θ→0

cos θ − 1
θ

= 0.

25. At what point on the curve y = ex, is the

tangent line parallel to the line y = 2x.

Solution: Given y = ex
=⇒ y′ = ex.

Slope of the tangent at x = ex.

Since the tangent line is parallel to the

line y = 2x, slope of the tangent = 2.

That is ex
= 2 =⇒ x = log 2.

When x = log 2, y = elog 2
= 2.

∴ The required point is (log 2, 2).

26. If

√

x +
√

x +
√

x + · · · ∞, find
dy
dx

Solution:

Given

√

x +
√

x +
√

x + · · · ∞.

Let y =
√

x + y⇒ y2
= x + y.

Differentiating with respect to x,

we get

2y
dy
dx
= 1 +

dy
dx

⇒ 2y
dy
dx
− dy

dx
= 1

⇒ (2y − 1)
dy
dx
= 1

∴

dy
dx
=

1
2y − 1

.

27. Find
d
dx

(sin x)cos x

Solution: Let y = (sin x)cos x

Take logarithms on both sides, we get

log y = log(sin x)cos x

= cos x. log(sin x)

Differentiating with respect to x, we get
1
y

dy
dx
= cos x

1
sin x
. cos x + log(sin x).(− sin x)

=
cos2 x
sin x

− sin x. log(sin x)

∴

dy
dx
= y

[

cos2 x
sin x

− sin x. log(sin x)

]

= (sin x)cos x

[

cos2 x
sin x

− sin x. log(sin x)

]

28. Find the derivative of

(i). x tan−1(
√

x) or x tan−1 √x

(ii). (1 + x2) tan−1(x)

Solution:

(i). Let y = x tan−1(
√

x)

dy
dx
= x.

1

1 + (
√

x)2
.

1

2
√

x
+ tan−1(

√
x).1

=

√
x

2(1 + x)
+ tan−1(

√
x).

Unit II - DIFFERENTIAL CALCULUS



(ii). Let y = (1 + x2) tan−1 x

dy
dx
= (1 + x2).

1
1 + x2

+ tan−1 x.2x

= 1 + 2x tan−1 x.

29. If f (x) = x25(1 − x)75, x ∈ [0, 1], find the

point at which f (x) is maximum.

Solution: Given f (x) = x25(1 − x)75

f ′(x) = x25.75 (1 − x)74 (−1) + (1 − x)75 .25x24

= x24 (1 − x)74 [−75x + 25 (1 − x)]

= x24 (1 − x)74 [25 − 100x]

= 25x24 (1 − x)74 (1 − 4x)

= −25x24 (x − 1)74 (4x − 1)

= −100x24 (x − 1)74

(

x − 1
4

)

.

If x >
1
4
, f ′(x) < 0 and

if x <
1
4
, f ′(x) > 0

∴ f has maximum at x =
1
4

.

30. Find the absolute maximum of f (x) =

x
2
3 on [−2, 3] .

Solution:Given f (x) = x
2
3

⇒ f ′(x) =
2
3

x
−1
3 =

2

3x
1
3

.

f ′(0) does not exist.

∴ x = 0 is a critical point. ⇒ f (0) = 0.

f (−2) = (−2)
2
3 =

[

(−2)2
]

1
3
=

3√
4 or 4

1
3

f (3) = (3)
2
3 =

(

32
)

1
3
=

3√
9 or 9

1
3 ,

which is the absolute maximum.

31. Find the maximum value of the product

of the numbers whose sum is 12.

Solution:Let x, y be the numbers such

that x + y = 12⇒ y = 12 − x

Let p = xy

= x (12 − x) = 12x − x2

dp
dx
= 12 − 2x.

dp
dx
= 0

⇒ 12 − 2x = 0

⇒ x = 6

d2 p
dx2
= −2 < 0

∴ p is maximum at y = 6

∴ The maximum value = xy = 6(6) = 36.

32. Determine the critical points of the

function f (x) = x4 − 2x2
+ 3

Solution: Given f (x) = x4 − 2x2
+ 3

⇒ f ′(x) = 4x3 − 4x

f ′(x) = 0

⇒ 4x3 − 4x = 0

⇒ 4x
(

x2 − 1
)

= 0

⇒ 4x (x − 1) (x + 1) = 0

⇒ x = 0, 1,−1

∴ The critical points are x = −1, x = 0,

x = 1.

33. Using first derivative test, examine

the maximum and minimum of f (x) =

sin2 x, 0 < x < π.

Solution:

Given f (x) = sin2 x

⇒ f ′(x) = 2 sin x cos x = sin 2x

Critical points are occurs at

f ′(x) = 0

⇒ sin 2x = 0

⇒ 2x = 0 or 2x = π

∴ x = 0 or x =
π

2
∴ The critical points are x = 0 or x =

π

2
.

Interval sin 2x f ′(x) f

0 < x <
π

2
+ + increases

in
(

0,
π

2

)

x >
π

2
− − decreases

in
(

π

2
, π

)

Since f ′ changes from positive to

negative at x =
π

2
, f has a maximum

at x =
π

2
.

∴ Maximum value f = f
(

π

2

)

= sin2
(

π

2

)

= 1.
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0
2

f
 

 
 

 

Also at the end points  (0) 2, 0
2

f f
 

  
 

 

Hence the absolute minimum value is 0,
2

f
 

 
 

and the absolute maximum value is (0) 2.f   

 

UNIT –  

 PART – A   
 

1. If 
x

z

z

y
u  , find the value of

z

u
z

y

u
y

x

u
x














 

 
Solution:    Given 

x

z

z

y
u  ,        

2 2

u z u 1 u y 1
 ; ;

x x y z z z x

  
     

  
 

 
z

u
z

y

u
y

x

u
x














=

2 2

1 1
x y z

z y

x z z x

     
         
     

 

   
u u u

x y z
x y z

  
 

  
  = 0

z y y z

x z z x
      

 

2. Find 
dt

du
 when 

2 2 3 2y , ,u x x t y t     

 Solution:

  2 2 3 2y , ,u x x t y t     

dt

dy

y

u

dt

dx

x

u

dt

du









  

2u dx
2 3

x dt
x t


 


 

u dy
2 2

y dt
y t


 


 

   2 22 3 2 2 6 4
du

x t y t xt yt
dt

   

 

 3 2 2 3 2 3 26 4 2 (3 2)
du

t t t t t t x t y t
dt

       

 

3. If 
3 3 2and , 2 , find

du
u x y x at y at

dt
                                                  (May2019)                                                                                                            

 Solution: 

Given 3 3 2and , 2u x y x at y at     

 . .
du u dx u dy

dt x dt y dt

 
 
 

 

23 2
u dx

x at
x dt


 


 

III FUNCTIONS OF SEVERAL VARIABLES



     Sub.  Name & Code:  Engineering Mathematics-I,  MA8151        Dept. of Mathematics       Academic Year: 2019-20 

 

               St. Joseph’s College of Engineering                     Page No: 13    

 

23 2
dx

y a
dt dt

   

 2 2 2 2 2 2

3 5 3 2 3 2 3

(3 )(2 ) (3 )(2 ) (3(at ) )(2 ) (3)(2at) (2 ) , 2

6 24 6 (t 4)

du
x at y a at a x at y at

dt

a t a t a t

     

   


 

 
 

4. If y xx y c  , find 
dx

dy
                                                                                            (Nov2018) 

 Solution:  Let  , y xf x y x y c  
 

f

x






1 logy xyx y y 
                   

f

y






1logy xx x xy 
             logax xd

a a
dx

 
 

 


                                                                        

/

/

dy f x

dx f y

 
 

 

1

1

log

log

y x

y x

yx y y

x x xy





 
  

 
 

 

5. Find
dx

dy
 if 2 23 4 2 1 0x xy y x y       

 Solution:  Let   2 2, 3 4 2 1f x y x xy y x y       

/

/

dy f x

dx f y

  


 

6 4

2 2

x y

x y

  
  

  
 

 

 6. Find 2, if where , ,tdu
u xy yz zx x t y e z t

dt
       

 Solution: 

        

 2 2

. . . 1 2

3 1 3

t

t

du u dx u dy u dz
y z x z e y x t

dt x dt y dt z dt

t e t t

  
        
  

   

 

 

7. 2 2 2 tdu
Find , if u log(x y z )where x e , y sint, z cost

dt
     

 
 Solution: 

 

2 2 2 2 2 2 2 2 2

2 2 2

2 2

2 2 2 2

. . .

1 1 1
(2 )( ) (2 )(cos ) (2 )( sin )

1
( ( )

2 2

sin cos 1

t

t t

t t

du u dx u dy u dz

dt x dt y dt z dt

x e y t z t
x y z x y z x y z

x x yz zy
x y z

e e

e t t e



 

 

  
  
  

     
         

          

 
    

  

    
    

     

 

8 State the properties of Jacobian.                                                                           (Nov2018)
  Solution:    

 (i)     If u and v are functions of  r and s , r and s are functions of x and y then,  

(u,v) (r,s) (u,v)

(r,s) (x,y) (x,y)

  


  
 

dy
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  (ii)   If u and v are functions of x and y then,
(u,v) (x,y)

(x,y) (u,v)

 

 
 = 1    (i.e)    'JJ = 1 

(iii) If u,v,w are functionly dependent functions of three independent variable x,y,z then 

        0
(u,v,w)

(x,y,z)




  
9. If 

2 2x u v   and 2y uv , find the jacobian of x and y with respect to u and v(May2019) 

 

Solution:   
 
( , )

,

x y

u v




 =

x x

u v

y y

u v

 

 

 

 

    
2 2

2 2

u v

v u


   

                                 
2 24( )u v   

 

10 If x uv and
u

y
v

 find
( , )

( , )

x y

u v



                                                                                  
(Jan2018) 

 Solution:    

2

( , )
1

( , )

x x
v u

x y u v
u

y yu v
v v

u v

 

  
  
 

 

 

2

21 u uu u
v u

v v v vv

    
       

   
 

 

11. If 
( , )

cos , sin
( , )

r
x r y r then find

x y


 


 

                                                             (Jan2018) 

 Solution:    

cos sin( , )

sin cos( , )

x x

rx y r
r

y y rr

r

 

 



 

  
  
 

 
 

( , ) 1 1

( , )( , )

( , )

r

x yx y r

r






  





 

 

12. If 
2 ( , )

find
2 2 ( , )

x y y u v
u , v ,

x y

 
 

  
 

Solution:  

1
1

( , ) 12

1( , ) 2
0

2

u u

x yu v

v vx y

x y

 


 
  
 

 
 

 

13. If  
1 x y

u cos
x y


 

  
  

 show that 
u u 1

x y cotu
x y 2
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Solution:   1 x y x y
u cos cosu

x y x y


  

   
   

 

 Cos u is aa  homogeneous function of degree
1

2
  in x and y. 

Therefore, by Euler’s theorem we get, 

   cos u cos u 1
x y cos u (1)

x y 2

 
  

 
 

   
u u 1

x sin u y sin u cosu
x y 2

u u 1
sin u x y cosu

x x 2

u u 1 cosu 1
x y cot u

x x 2 sin u 2

 
   

 

  
     

 
    

 

 

14. Find Taylor’s series expansion of x 
y
 near the point (1,1) up to first degree terms. 

 Solution: 

  f(x ,y) = f(a ,b) + [(x–a) f x(a ,b) + (y–b) f y(a ,b)]+… 

f(x ,y) = x
y
,                            f(1,1) = 1 

 f x(x , y)=yx
y–1

,                    f x(1,1) = 1  

fy(x ,y) = x 
y
logx ,            f y(1,1)= 0 

f (x ,y) =  1 +  (x–1) (1) + (y–1)  (0) +…  

x 
y
 =  x+… 

15. Obtain Taylor’s series expansion of x ye  in powers of x and y upto first degree terms. 

 Solution:  

 f (x , y) = x ye  ,    f x(x , y) = x ye  ,     fy(x ,y) = x ye   

f(0,0) =1,       fx(0,0) =1,       fy(0,0)=1 .  

f(x ,y) = f(a ,b) + (x–a) f x(a ,b) + (y–b) f y(a ,b)+…  

At (0,0),    f(x ,y) = f(0 ,0) + (x) f x(0 ,0) + (y) f y(0 ,0)+… 

                             e 
x+y 

 =  1+x+y+… 

        

 

16. Expand  e
x
cosy  in Taylor’s series in powers of x and y up to terms of first degree. 

 Solution:  

 f(x,y)  = e
x 
cosy ,                   f(0,0) = 1 

fx(x,y) = e
x 
cosy ,                    fx(0,0) = 1 

fy(x,y) = –e
x 
siny,                    fy(0,0) =0. 

             f(x ,y) = f(a ,b) + [(x–a) f x(a ,b) + (y–b) f y(a ,b)+…]  

At (0,0),  f(x ,y) = f(0 ,0) + (x) f x(0 ,0) + (y) f y(0 ,0)+… 

              e
x
cosy  = 1 + x+… 

17. State the conditions for maxima and minima of  ,f x y . 

 Solution:   

If    , 0, , 0x yf a b f a b  and      , , , , ,xx xy yyf a b A f a b B f a b C   then  
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(i)  ,f x y  is maximum value at  ,a b if 2 0AC B  and  A< 0 

(ii) 
 ,f x y  is minimum value at  ,a b if 2 0AC B  and  A > 0 

18. Find the maxima and minima of  f(x, y) = x
2
 + y

2
 + 6x +12 

 Solution: 

  fx= 2x +6 = 0   x = –3;    fy= 2y = 0   y = 0 . 

The stationary point is (-3,0).  

A = f xx = 2 ;           B =  f xy = 0  ;           C = f yy = 2,        

AC – B
2
 = 4 > 0  and   A > 0 . 

f   is minimum at (–3,0) and the minimum value is 

 f (–3,0) = (-3)
2
 + 0

2
 + 6(-3 )+12=21-18=3. 

 

19. Find the possible extreme point of   2 2 2 2
,f x y x y

x y
     

 Solution:  

  2 2 2 2
,f x y x y

x y
     

2

2
2 ; 0 1

f f
x x

x xx

 
    

 

 
2

2
2 ; 0 1

f f
y y

y yy

 
    

 
 

The possible extreme point is  1,1 . 

20. Find the stationary points of   3 3, 3 12 20f x y x y y x      

 

 

Solution:    

  2, 3 12 0f x y x   , ,   2, 3 3 0f x y y    . 

         

2

2

2

3 12 0

4 0

4 2

x

x

x x

 

  

    

     ,                 

2

2

3 3 0

1 0

1

y

y

y

 

  

  

 

 The stationary point is (2,1),(2,-1),(-2,1)(-2,-1). 

 PART – B  

 

1. 
 If ,

y x z x
u f

xy xz

  
  

 
,Find

2 2 2u u u
x y z

x y z

  
 

  
                                        (JAN2019)

       

 

Solution: Given z = f(r,s),    
y x z x

r s
xy xz

 
   

r=
y x

xy


  

  2

2 2 2 2

( 1)xy y x yr xy y xy

x x y x y

     
 



2

2 2 2

1r y

x x y x

  
 


 



     Sub.  Name & Code:  Engineering Mathematics-I,  MA8151        Dept. of Mathematics       Academic Year: 2019-20 

 

               St. Joseph’s College of Engineering                     Page No: 26    

 

1 2 2 1 1 1
, ,      

x y y z z x
 

1 2 2 1 1 1
, ,     

x y y z z x
 

2 , 2 , .................(8)     y x z y x z  

 Now substitute all the values (8) in (4) 
2 2 2x +y +z =24   

2 2 2x +(-2x) +x =24  
2 2 2x +4x +x =24  

26x =24  
2x 4  

2 x  
 

substitute all the value 2 x  in (8) 
if x=2, then (x,y,z)=(2,4,-2) 

 

if x=-2, then (x,y,z)=(-2,-4,2) 

 

At (2,4,-2),      
2 2 2

2 1 4 2 2 1      d  

                          6d  

At (-2,-4,2),     
2 2 2

2 1 4 2 2 1     d  

                          54 3 6 d  

Therefore the Shortest and Longest distance are 6 and 3 6  respectively. 

 
 

  

 

1 State the fundamental theorem of calculus.                                                         [Nov/Dec 2018] 

 

Solution:  Suppose f is continuous on [a, b] 

 If '( ) ( ) , ( ) ( )
x

a

g x f t dt then g x f x   

 (x) ( ) F(a), where Fisanyantiderivatives of , that is ' .
b

a

f dx F b f F f    

2 State the properties of Integrals. 

 

Solution: 

    (i) If k is any constant, then    k f x dx k f x dx   

    (ii) If    and are any twofunctions in x thenf x g x        f x g x dx f x dx g x dx        
 

 

 

 

 

UNIT IV -  INTEGRAL CALCULUS
PART-A

Integral calculus is a branch of calculus that deals with the concept of integration.
 
Integration is essentially the reverse process of differentiation, and it is used to
 
calculate quantities such as areas, volumes, and accumulated quantities like distance,
 
velocity, and more. It has many practical applications in science, engineering, economics
 
and various other fields.

Definite and Indefinite Integrals: There are two main types of integrals - definite and
 
indefinite integrals. An indefinite integral, denoted by ∫f(x)dx, represents a family of
 
functions that have the same derivative (up to a constant). It is often written as F(x) + C,
 
 where F(x) is an antiderivative of f(x) (a function whose derivative is f(x)),
 
and C is the constant of integration.

Application: Area and Volume Calculations: One of the fundamental applications of integration
 
is in calculating areas under curves and volumes of irregularly shaped objects.
 
For example, you can use integration to find the area under a curve in a graph or the
 
volume of a three-dimensional object.
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3 State the properties of definite integrals. 

 

 Solution: 

     i If is odd function of x then 0
a

a

f x f x dx




       
0

ii If is even function of x then 2
a a

a

f x f x dx f x dx


   

4 What is wrong with the equation 

22

3 2

1 1

4 2 3
?

2
dx

x x
 

 
  
 


                                               

[Jan 2018] 

 

Solution: The given function 
3

4

x
is not continuous at x = 0. Hence the given integration does not 

exist. [By the fundamental theorem of calculus] i. e. the function f(x) has infinite discontinuity at x 

= 0. Hence 
2

3

1

4
dx

x


  does not exist.  

5 If f is continuous and 

4

0

( ) 10f x dx  , find 

2

0

(2 )f x dx .                                             [Nov/Dec 2018] 

 

Solution: Since f is continuous, let 2x = t, differentiating 2dx = dt or dx = dt/ 2. When x = 2, then 

 t = 4.  
2 4 4

0 0 0

1 10
(2 ) ( ) ( ) 5

2 2 2

dt
f x dx f t f t dt        

6 Evaluate 
4

1
dx

x



  and determine whether it is convergent or divergent.                     [Jan 2018] 

 

Solution: 

1
1 12

2
1

1
4 4 2 4

4

1 1
lim lim lim 2 2lim 4 2 4

x
x

x x x x

x
dx dx x x

x x


 

   

 
                    
   

   

The limit does not exist. Hence it is divergent.  

7 Examine whether 

0

r

-

 2 dr


 is convergent or divergent? 

 

Solution: 
00 0

2 1 2 1 1
 2 2 0 finite

log 2 log 2 log 2 log 2 log 2

r t
r r

t t t
t t

dr Lt dr Lt Lt
  



   
         

   
   

So the integral is convergent. 

8 Evaluate 

 
3

3 22

dx

x




 and determine whether it is convergent or divergent.       [Apr/May 2019] 

 

Solution: 

   
3 3

3 3 32 2

2 2 2
Let lim lim lim 2

2 2 3 22 2

bb

b b b

dx dx
I

x bx x
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Hence the given integral is convergent.  

9 Find log2x xe e dx  

 Solution:  
 log2 log2 2

2 2
log2

x

x

xx x x x x e
e e dx e e dx e dx e dx c

e
         

10 Find 
cos

sin

x
dx

x
 by substitution method. 

 

Solution: 

du
Put u sin x then cos xdx du I 2 u c 2 sin x c

u
         

11 







x x

x x

e e
Evaluate dx

e e
 

  

 

Solution: 

Put

log log










 

 


    

 

x x

x x

x x
x x

x x

e e t

e e dx dt

e e dt
dx t e e c

e e t

 

12 
1tan

Evaluate x dx  

 

1

2

1

Solution: tan ,

1
,

1

tan





 

 


  

Take u x dv dx

du dx v x
x

x dx uv vdu

 

 

1

2

'
1

2

1 2

tan
1

1 2 ( )
tan log ( )

2 1 ( )

1
tan log 1

2







 


  


   



 

dx
x x x

x

x f x
x x dx f x

x f x

x x x c

 

13 Evaluate 

 
2

21

dx

x
  

 

Solution: 2Put tan , sec ,x dx d   

   

2

2 2
2 2

sec

1 1 tan

dx d

x

 




 
 

2 1 cos2
cos

2
d d


  

 
   

 
   

 

 
1

1 cos 2
2

d  
1 sin 2 sin 2

2 2 2 4
c
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14 Evaluate 
1
2

2

2

1

1
3x dx

x

 
  
 
  

 

Solution: 

31 1
2 2 2

2 2 2 2

2 2

1
1 1 1

1 1 1
3 3 2x dx x dx dx x

x x x

   
          
       

    

 

3 3
2 2

3
2

1
2 2 2 1 1

2

1 5
2 2 3 4 2

2 2

  
       

  

  
        

  

 

15 Evaluate
3tan xdx

 

 

Solution: 

 

 

   

3 2 2

2

2

2 2

tan x dx tan x tan x dx tan x sec x 1 dx

tan xsec x tan x dx

put u tan x du sec x dx in thefirst integral

u du tan x dx

u tan x
log sec x c log sec x c

2 2

  

 

  

 

     

  



 

 

16 Evaluate 
1 cos

dx

x
by decomposition method. 

 

Solution:  Multiply and divide by conjugate factor of the denominator term 

2

1 1 cos 1 cos

1 cos 1 cos 1 cos

x x
dx dx

x x x

     
    

      
 

 

2

2 2 2

1 cos 1 cos
cos cos cot

sin sin sin

x x
dx dx ec x ecx x dx

x x x

   
         

   
  

 

 2cos cos cot cot cosec xdx ecx xdx x ecx c         

1
cos cot

1 cos
dx ecx x c

x
   

  

17 Find the Integral of sinx x  using integration by parts. 

 

Solution:

udv uv vdu ; put u x and dv sin xdx,du dx,v dv sin xdx cos x             

   sin cos cos cos sin sin cosx x dx x x x dx x x x c x x x c             

18 Evaluate logx xdx  using integration by parts. 

 

Solution:
2

;put log , ,
2

dx x
udv uv vdu u x and dv xdx du v dv xdx

x
            

2 2 2 3

log log log
2 2 2 6

x x x x
x xdx x dx x c     
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19 
Evaluate

2
6 5

0

sin cosx x dx



  

 Solution: 

2
m n

0

n 1 n 3 n 5 1
sin x cos x dx ......

m n m n 2 m n 4 n 2

here m 6,n 5

4 2 1 8

11 9 7 693



  


     

 

 



 

20 
2

0

Evaluate
1 tan

dx

x



                                                                                                  [Apr/May 2019] 

 

Solution: 

2 2 2

0 0 0

cos
(1)

sin1 tan cos sin
1

cos

dx dx x dx
Let I

xx x x

x

  

   
 


    

2 2 2

0 0 0 0 0

cos
cos sin2

Since ( ) (a )
cos sin cos sin

cos sin
2 2

a a x dx
x dx x dx

f x dx f x dx
x x x x

x x

  

 

 
 

 
    

    
     

   

    

 

2

0

sin
(2)

cos sin

x dx
I

x x



    
  

2

0

cos sin
(1) (2) 2

cos sin 2

x x dx
I

x x




   

  

2

0
1 tan 4

dx
I

x




  


 

PART - B 

1 (i) Using integration by parts, evaluate 
2

2

(ln )x
dx

x                                                [Nov/Dec 2018] 

 

Solution: Let 2 2

2
(ln )

dx
u x dv x dx

x

    

2(ln ) 1x
du v

x x


   

2 2

2 2

2

2

(ln ) (ln ) 1 2ln

(ln ) 2ln
2

x x x
dx dx

x xx x

x x
dx

xx
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UNIT – IV  MULTIPLE INTEGRALS 

PART – A 

1. Evaluate
1 2

.
a b dxdy

xy                                                                                                (APR/MAY 2019)  

 

Solution: 
1 2 1 2

a b a bdxdy dx dy
I

xy x y

 
   

 
     

21

1
log

a b
x dy

y
   

1

1
log log2

a

b dy
y

  1

1
log

2

ab
dy

y

 
  

 
  

                         
1

log log
2

ab
y

 
  

 
 log log log1

2

b
a

 
  

 
log log .

2

b
a

 
  

 
            [Since log1 = 0] 

2. Evaluate 
ln8 ln

1 0

y
x ye dxdy

  .                                                                                    (NOV/DEC 2018)  

 

Solution:  
ln8 ln

1 0

y
x yI e dxdy  

ln8 ln

1 0

y
x ye e dxdy  

ln8 ln

01

y
y xe e dy     

    
ln8

ln 0

1

y ye e e dy   
ln8

1
1ye y dy   

ln8
'

11
1 ...y ye y e udv uv u v          

 ln8 ln8 1ln8 1 0e e e            ln8 ln8 1 1e e     8 ln8 1 1 e    8ln8 16 .e    

3. Evaluate  the double  integral  
21

2 2

0 0

x

x y dxdy   

 

Solution: The given order of integration is not correct. So Rewrite the integration order as 

 

2 21 1
2 2 2 2

0 0 0 0

x x

(x y )dxdy (x y )dydx      =

21
2 2

0 0

x

(x y )dy dx
 
 
  
    

 
2 3

21 1 13 6
2 2 2 4

0 0 00

1
5 7

0

3 3 3

1 1 1 1 26

5 21 5 7 3 5 21 105

x
xy x

x y dx x .x dx x dx

x x

.

 
    

                
 

     
           

     

  
 

4 Find the area bounded by the lines x = 0, y = 1, y = x using double integration.      (JAN 2014)    

 Solution: 

 
1

2
1 1 1

00 0 0 0
0

1
.

2 2

y y

R

y
Area dxdy dxdy x dy ydy

 
      

 
      

 

5. Shade the region of integration in 
2 2

20
.

a a x

ax x
dxdy



   

 

 

Solution: The given order of the integration is not correct. So Rewrite order 
2 2

20
.

a a x

ax x
dydx



   

 



     Sub.  Name & Code:  Engineering Mathematics-I,  MA8151        Dept. of Mathematics       Academic Year: 2019-20 

 

               St. Joseph’s College of Engineering                     Page No: 40    

 

  

2 22 0

2 2
2 2

0
2 2

2 2
2

2 2

y ax x x y ax

a ax ax y

a ax y

   
   
   
   

   
   
   
   

     

     

   

  

which is a circle with centre at ( a 2 , 0) and radius  a 2  

y = 22 xa  x
2
 + y

2
 = a

2
    which is a circle with centre at 

(0,0) and radius  a 

6. Evaluate  

R

22 dx)dyy(x  over the region R for which x, y  0, x + y1. 

 

Solution: The region of integration is the triangle bounded by   

the lines x = 0, y = 0 and x + y = 1. Limits of y : 0 to 1-x   

 Limits of X: 0 to 1. 

 

R

22 dxdy)yx(   =  
1 1

2 2

0 0

x

x y dydx


   = dx
3

y
yx

1

0

x1

0

3
2

















  

 

1 13 3
2 2 3

0 0

(1 ) (1 )
(1 )

3 3

x x
x x dx x x dx
    

        
   
 

  

 

1
3 4 4

0

(1 )

3 4 (3)(4)( 1)

x x x 
   

 
  =

1 1 1 1 1 1 1
0

3 4 12 3 4 12 6

   
          

   
 

7. Compute the area enclosed by y
2
 = 4x, x + y = 3 and y = 0.  

 

Solution: Area A =  
R

dydx  =   






2

0

3

42y

y

yx

dydx  =   2

2
3

/ 4

0

y

y

y

x dy




  

2

0

322

0

2

122
3

4
3

































yy
ydy

y
y

y
  

= 6 –
4 8

2 12
 = 6 – 2 – 

12

8
 = 4 – 

3

2
 = 

3

10
 

8. Change the order of integration in  
2

1

0
, .

y

y
f x y dxdy                        (NOV/DEC 2018)  

 

Solution: 

Given, I =   
2

1

0
, ..

y

y
f x y dxdy         

    Limits of X: y
2 

 to y and  Limits of Y:  0 to 1 

After changing order of integration  

 
1

0
,

x

x
I f x y dydx    

 

9. Change the order of integration in 

2 2a a x
2 2

a 0

(x y )dxdy.





   

 Solution:  
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I  = xddyyx
ax

ax

xay

y
  








22

0

22 )( ( Correct Form )             

2 2
2 2

( )
0 2 2

x a yy a
I x y dy dx

y
x a y

 
  


 

 

 

10. Change the order of integration in 

2 y1

0 y

xy dx dy



  . 

 

Solution: Given, I =  
1

0

2 y

y

dydxxy  

x limits : y to 2-y;    y limits : 0 to 1 

After changing order of integration   

 

  
2

1

2

0

1

0 0

xx
dxdyxydxdyxyI  

11. Evaluate 

π 5
2

0 0

rsin θdrdθ. 
 

 

Solution: I =  


ddrr













0

5

0

2sin   = 


d
r
















0

5

0

2
2

2
sin     = 

2

0 0

25 25 1 cos2
sin

2 2 2
d d

 


  


   

              =   


d 

0

2cos1
4

25
 =  





02

2sin

4

25

















 = 


























0

2

2sin

4

25 
  =  

4

25

 

12. Evaluate  

π
2

2 2 2
0 0

rdrdθ
.

(r a )




   

 

Solution: I  =   


2

0 0
222 )(




ar

ddrr
 = 

 2 2
2 1

2 2 220 0 ( )

d r a
d

r a





 
 
 
 
 


 


  

                 =  
 

1
2

2 2

00

( )1 1
( ) ( ( ))

2 1

n

n f x
d f x d f x

r a n






 

   
 

 

 =  









2

0
2

1
0

2

1


d
a

  =  
2

2 20

1 1 1 1
0

2 a 2 a 2

 


     
      

     
 = 

24a
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13. Evaluate

π cos

0 0

r drdθ



  .                                                                               (APR/MAY 2017)

 

 

Solution:  

 
 

 

cos
2

2

0
0 0 00

0

1 1 1 cos2 1
cos 1 cos2

2 2 2 2 4

1 sin 2 1

4 2 4 4

r
I d d d

   





    

 
 

  
    

 

 
    

 

   
    

14. Evaluate 
R

dxdy where R the shaded region in the figure is.

   
 

 

Solution: 
R

dxdy Area of the shaded region
                            

 

The shaded region is the semicircle with radius 2.            

Area of the shaded portion =
2 22

2
2 2

r
square units

 
   

15. Compute the entire area bounded by r
2
 = a

2
 cos2. 

 

Solution: Area A = 
R

ddrr   

 

4/

0

2cos

0

4







a

r

drdr  

cos2/ 4 2

0 0

4
2

a

r
d








 
  

 
   

=4 












4

0

2

2

2cos



d

a

4

2 2 2 2

0

sin 2
sin 2 42 2 0 sin

2 2 2
a a a a




 
 
  

      
   

 

 

16. Transform the integration  


0

y

0

dydx  into polar coordinates. 

 

Solution: Let x = r cos and y = r sin , dxdy = r drd                                                                

     







 2

4

00 0







r

y
ddrrdydx  

 

17. Transform the integration 

22ax x2a
2 2

( x y )dxdy
x 0 y 0



 
 

 to polar co-ordinates  
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Solution:  

Let x = r cos and y = r sin, dxdy = r drd     

  







a

x

xax

y

dydxyx
2

0

2

0

22

2

)( =
2 cos/ 2

3

0 0

a

r dr d



 
 

 

18. 

 

 

Express the volume of the region bounded by 2 2 20, 0, 0, 1x y z x y z      as a triple 

integral. 

 

Solution: Here  z varies from 0 to 2 21 x y  ,  y varies from 0 to 21 x ,     x varies from 0 to 1 



2 22 111

0 0 0

x yx
Volume I dz dy dx

 
     

19. Evaluate  
1 1 1 x y ze dxdydz
0 0 0

 
    

 

Solution: I = 
1 1 1

0 0 0

x y ze dxdydz 

      = 
1 1

1

0 0

y z y ze e dydz       

              =  
1

2 1

0

2z z ze e e dz    323 1133  eeee  

20. Evaluate  

x y4 x

0 0 0

z dxdydz.



    

 

 

 

 

 

 

 

 

Solution: I =   

4

0

x

0

yx

0

dxdydzz    = dydx
zx

yx

 















4

00 0

2

2
   =  dydxyx

x

 
4

002

1
 

     = 
24

0 0

1

2 2

x

y
xy dx
 

 
 
  = 

24

2

0

1

2 2

x
x dx
 

 
 
   = 16

34

3

4

3
4

0

34

0

2 















x
dxx  

PART – B 

1. Evaluate
2 2

2 2 2

0 0

a a x

a x y dxdy


   .                                                                     (NOV/DEC 2016) 

 

Solution: 

 

 

2 2

2 2
2 2 2 2 2 2 2 1

2 2
0 0 0

2 2
2 22 2

1

00
0

3 3 3
2 3 3

0

2 2

1 2 2 4
2

0 2
4 3 4 3 4 3 6

a xa a

a
a

a

a

y a x y
I ( a x ) y dy dx a x y sin dx

a x

a x
dx ( a x )dxa x

sin dx

x a a
a x a a

 

   







 
       

  


 

 

   
         

      

 


 

 

 



 

        DMI College of Engineering -Palanchur 

MA3151 – MATRICES AND CALCULUS  
   Unit-1   - MATRICES 

 
Matrices – Introduction 
 
 Matrices are fundamental mathematical objects used to represent and 

manipulate data in various fields, including mathematics, physics, computer science, 

engineering, and more. They are an essential part of linear algebra, which is the branch 

of mathematics that deals with vector spaces and linear relationships. 

Definition: A matrix is a two-dimensional array of numbers, symbols, or expressions, 

organized into rows and columns. Each entry in a matrix is called an element or a 

coefficient (Or)  arrange the elements in the rectangular patterns. 

A matrix is denoted by a bold capital letter and the elements within the matrix are 

denoted by lower case letters  

e.g. matrix [A] with elements ija   

 

   

 
 
 
 
Order of the matrix or Size: The order or size of a matrix is determined by the number 
of rows and columns. For example, a matrix with 3 rows and 2 columns is called a 
"3x2" matrix. 
 
Types of Matrices: There are various types of matrices based on their properties and 
characteristics. Some common types include: 
Row Matrix: A matrix with a single row and multiple columns. 
Column Matrix: A matrix with a single column and multiple rows. 
Square Matrix: A matrix with an equal number of rows and columns (e.g., 2x2, 3x3, 
etc.). 
Scalar Matrix: A square matrix with all diagonal elements equal and all other elements 
equal to zero. 
Identity Matrix: A special scalar matrix where all diagonal elements are 1 and all 
other elements are 0. 
Zero Matrix: A matrix where all elements are zero. 
Row Vector: A matrix with one row and multiple columns. 
Column Vector: A matrix with one column and multiple rows. 





















mnijmm

nij

inij

aaaa

aaaa
aaaa

21

22221

1211

...

...





 

Symmetric Matrix: A symmetric matrix is a square matrix that is equal to its 
transpose. In other words, A = AT, where A is the matrix and AT is its transpose. 
Skew Symmetric Matrix: A symmetric matrix is a square matrix that is equal to its 
transpose. In other words, A = -AT, where A is the matrix and AT is its transpose. 
 
Lower triangular matrix 
A square matrix whose elements above the main diagonal are all zero 
 
 
 
 
Upper triangular matrix 
A square matrix whose elements below the main diagonal are all zero 
 
 
 
 
 
Eigen values and Eigenvectors: 
 

Linear equations Ax=  b come from steady state problems. Eigen values have 

their greatest importance in dynamic problems. This chapter enters a new part of linear 

algebra, based on Ax=  x. All matrices in this chapter are square. Where  is a eigen 

values and x is a eigen vectors. The Characteristic equation is detหۯ −   ۷ ห =  involves 

only   not in x. Its roots are called eigen values and ൫ۯ −   ۷൯܆ =  corresponding 

eigenvectors. (Or)  To find the Characteristic equation ,  

For the 2X2 matrix: If   = ቀ
ࢇ ࢇ
ࢇ  ቁࢇ

The Char. equation  ⋋ଶ− ଵݏ ⋋ ଶݏ− = 0 

Where ݏଵ = Sum of the main diagonal elements = ࢇ + ࢇ  

ࢇࢇ) = |ܣ| = ଶ = Determinant of Aݏ −  (ࢇࢇ

For the 3X3 matrix: If   = ൭
ࢇ ࢇ ࢇ
ࢇ ࢇ ࢇ
ࢇ ࢇ ࢇ

൱ 

The Char. equation  ⋋ଷ− ଵݏ ⋋ଶ+ ଶݏ ⋋ ଷݏ− = 0 

Where ݏଵ = Sum of the main diagonal elements =  (ࢇ + ࢇ +  (ࢇ

  ଶ = Sum of the minor of main diagonal elementsݏ

    = ቚࢇ ࢇ
ࢇ ቚࢇ + ቚ

ࢇ ࢇ
ࢇ ቚࢇ + ቚ

ࢇ ࢇ
ࢇ  ቚࢇ

















ijijij

ijij

ij

aaa
aa

a
0
00

















600
540
321



 

 |ܣ| = ଷ = Determinant of Aݏ
 

****Cayley – Hamilton Theorem: 
Every square matrix satisfies its own characteristic equation. 
To uses: 
(i) To calculate positive integral power A 

(ii) To Find the inverse of a square matrix A 
1. Verify Cayley – Hamilton theorem (OR)  Prove that Every square matrix 

satisfies its own characteristic equation,  if  = ൭
  
  
  

൱ 

Soln: 

The characteristic equation is ⋋ଷ− ଵݏ ⋋ଶ+ ଶݏ ⋋ ଷݏ− = 0 

ଵݏ = Sum of the main diagonal elements = (1 + 2 + 2) =  

  ଶ = Sum of the minor of main diagonal elementsݏ

    = ቚ2 4
0 2ቚ + ቚ1 1

0 2ቚ+ ቚ1 0
2 2ቚ 

    = (4− 0) + (2 − 0) + (2 − 0) 

    = 4 + 2 + 2 = 8 

࢙  = ૡ 

|ܣ| =  ଷݏ = 1 ቚ2 4
0 2

ቚ − 0 ቚ1 1
0 2

ቚ + 1 ቚ1 0
2 2

ቚ 

    = (4 − 0) + (0) + (2− 0) 

࢙ =  

⋋ଷ−  ⋋ଶ+ ૡ ⋋ − = 0 

  ,CH- theorem  ݕܤ

Every square matrix satisfies its own characteristic equation.          Put ⋋= A 

 ∴ ଷܣ  − ଶܣ5 + ܣ8 − ܫ4 = 0  ................... (1) 

LHS: ܣଷ − ଶܣ5 + ܣ8 −  ܫ4

Now ܣଶ = ܣ.ܣ = ൭
1 0 1
2 2 4
0 0 2

൱൭
1 0 1
2 2 4
0 0 2

൱ 

            = ൭
1 + 0 + 0 0 + 0 + 0 1 + 0 + 2
2 + 4 + 0 0 + 4 + 0 2 + 8 + 8
0 + 0 + 0 0 + 0 + 0 0 + 0 + 4

൱ 



 

           = ൭
1 0 3
6 4 18
0 0 4

൱ 

ଷܣ. = ܣଶܣ = ൭
1 0 3
6 4 18
0 0 4

൱൭
1 0 1
2 2 4
0 0 2

൱ 

  = ൭
1 + 0 + 0 0 + 0 + 0 1 + 0 + 6
6 + 8 + 0 0 + 8 + 0 6 + 16 + 36
0 + 0 + 0 0 + 0 + 0 0 + 0 + 8

൱ 

   = ൭
1 0 7

14 8 58
0 0 8

൱ 

LHS:  ܣଷ − ଶܣ5 + ܣ8 −  ܫ4

       = ൭
1 0 7

14 8 58
0 0 8

൱− 5൭
1 0 3
6 4 18
0 0 4

൱+ 8൭
1 0 1
2 2 4
0 0 2

൱ − 4൭
1 0 0
0 1 0
0 0 1

൱ 

= ൭
1 − 5 + 8 − 4 0 + 0 + 0 7 − 15 + 8 + 0

14 − 30 + 16 + 0   8 − 20 + 16 − 4 58 − 90 + 32 + 0
0 + 0 + 0 0 + 0 + 0 8 − 20 + 16 − 4

൱ 

= ൭
0 0 0
0 0 0
0 0 0

൱ = 0 = RHS 

Hence cayley – Hamilton theorem verified. 

2. Verify Cayley – Hamilton theorem for the matrix    = ൭
  ૠ
  
  

൱ 

Soln: 

The characteristic equation is ⋋ଷ− ଵݏ ⋋ଶ+ ଶݏ ⋋ ଷݏ− = 0 

ଵݏ = Sum of the main diagonal elements = (1 + 2 + 1) =  

  ଶ = Sum of the minor of main diagonal elementsݏ

    = ቚ2 3
2 1ቚ + ቚ1 7

1 1ቚ+ ቚ1 3
4 2ቚ 

    = (2− 6) + (1 − 7) + (2 − 12) 

    = −4 − 6 − 10 = −20 

࢙  = − 

|ܣ| =  ଷݏ = 1 ቚ2 3
2 1

ቚ − 3 ቚ4 3
1 1

ቚ + 1 ቚ4 2
1 2

ቚ 

    = 1(2 − 6) − 3(4 − 3) + 7(8 − 2) 

    = −4 − 3 + 42 = 35 

 



 

࢙ =  

⋋ଷ−  ⋋ଶ+ 20 ⋋ − = 0 

  ,CH- theorem  ݕܤ

every square matrix satisfies its own characteristic equation.          Put ⋋= A 

 ∴ ଷܣ  − ଶܣ4 + ܣ20 − ܫ35 = 0  ................... (1) 

LHS: ܣଷ − ଶܣ4 + ܣ20 −  ܫ35

Now ܣଶ = ܣ.ܣ = ൭
1 3 7
4 2 3
1 2 1

൱൭
1 3 7
4 2 3
1 2 1

൱ 

            = ൭
1 + 12 + 7 3 + 6 + 14 7 + 9 + 7
4 + 8 + 3 12 + 4 + 6 28 + 6 + 3
1 + 8 + 1 3 + 4 + 2 7 + 6 + 1

൱ 

           = ൭
20 23 23
15 22 37
10 9 14

൱ 

ଷܣ. = ܣଶܣ = ൭
20 23 23
15 22 37
10 9 14

൱൭
1 3 7
4 2 3
1 2 1

൱ 

  = ൭
20 + 92 + 23 60 + 46 + 46 140 + 69 + 23
15 + 88 + 37 45 + 44 + 74 105 + 66 + 37
10 + 36 + 14 30 + 18 + 28 70 + 27 + 14

൱ 

   = ൭
135 152 232
140 163 208
60 76 111

൱ 

LHS:   ܣଷ − ଶܣ4 + ܣ20 −  ܫ35

              = ൭
135 152 232
140 163 208
60 76 111

൱− 4൭
20 23 23
15 22 37
10 9 14

൱− 20൭
1 3 7
4 2 3
1 2 1

൱ − 35൭
1 0 0
0 1 0
0 0 1

൱ 

= ൭
135− 80 − 20 − 35 152 − 92 − 60 + 0 232 − 92 − 140 + 0
140 − 60 − 80 + 0   163− 88 − 40 − 35 208 − 148− 60 + 0
60 − 40 − 20 + 0 76 − 36 − 40 + 0 111 − 56 − 20 − 35

൱ 

= ൭
0 0 0
0 0 0
0 0 0

൱ = 0 = RHS 

Hence cayley – Hamilton theorem verified. 

3. Using Cayley – Hamilton theorem,  find ିܣଵ  for the matrix                          

 = ൭
 − 
−  −
 − 

൱ 

Soln: 

The characteristic equation is ⋋ଷ− ଵݏ ⋋ଶ+ ଶݏ ⋋ ଷݏ− = 0 

ଵݏ = Sum of the main diagonal elements = 2 + 2 + 2 =  



 

  ଶ = Sum of the minor of main diagonal elementsݏ

    = ቚ 2 −1
−1 2 ቚ + ቚ2 2

1 2ቚ + ቚ 2 −1
−1 2 ቚ 

    = (4− 1) + (4 − 2) + (4 − 1) 

    = 3 + 2 + 3 = 8 

࢙  = ૡ 

|ܣ| =  ଷݏ = 2 ቚ 2 −1
−1 2

ቚ + 1 ቚ−1 −1
1 2

ቚ + 2 ቚ−1 2
1 −1

ቚ 

    = 2(4 − 1) + 1(−2 + 1) + 2(1 − 2) 

    = 6 − 1 − 2 = 3 

࢙ =  

⋋ଷ−  ⋋ଶ+ 8⋋ − = 0 

  ,CH- theorem  ݕܤ

every square matrix satisfies its own characteristic equation.          Put ⋋= A 

 ∴ ଷܣ  − ଶܣ6 + ܣ8 − ܫ3 = 0  ................... (1) 

 

     To find ିܣଵ     ∴ ଷܣ − ଶܣ6 + ܣ8 − ܫ3 = 0     ———— 

Pre multiply by ିܣଵ in 1       

ଶܣ − ܣ6 + ܫ8 − ଵିܣ3 = 0 

ଵିܣ3 = ଶܣ − ܣ6 +  ܫ8

Now ܣଶ = ܣ.ܣ = ൭
2 −1 2
−1 2 −1
1 −1 2

൱൭
2 −1 2
−1 2 −1
1 −1 2

൱ 

                        = ൭
7 −6 9
−5 6 −6
5 −5 7

൱ 

 

∴ ଵିܣ  =
1
3

ଶܣ] − ܣ6 + [ܫ8 =
1
3
൭

7 −6 9
−5 6 −6
5 −5 7

൱− 6൭
2 −1 2
−1 2 −1
1 −1 2

൱+ ൭
8 0 0
0 8 0
0 0 8

൱൩ 

=
1
3


7 − 12 + 8 −6 + 6 + 0 9 − 12 + 0
−5 + 6 + 0 6 − 12 + 8 −6 + 6 + 0
5 − 6 + 0 −5 + 6 + 0 7 − 12 + 8

൩ 

                    ∴ ଵିܣ     = 1
3 

3 0 −3
1 2 0
−1 1 3

൩ 

 
 



 

 
Eigen value and Eigen Vector: 

1. Find the eigen value and eigen vector for the matrix ܣ = ൭
8 −6 2
−6 7 −4
2 −4 3

൱ 

Soln: 

Let ܣ = ൭
8 −6 2
−6 7 −4
2 −4 3

൱ 

The char eqn is ⋋ଷ− ଵݏ ⋋ଶ+ ଶݏ ⋋ ଷݏ− = 0----------(1) 

ܵଵ = ݈ܽ݊݃ܽ݅݀ ݊݅ܽ݉ ℎ݁ݐ ݂ ݉ݑݏ = 18

 ܵଶ = ݈ܽ݊݃ܽ݅݀ ݊݅ܽ݉ ݂ ݎ݊݅݉ ℎ݁ݐ ݂ ݉ݑݏ = ቚ 7 −4
−4 3 ቚ + ቚ8 2

2 3ቚ +

ቚ 8 −6
−6 7 ቚ = 45, ܵଷ = |ܣ| = 0 

∴⋋ଷ− 18 ⋋ଶ+ 45 ⋋= 0 

⋋ (⋋ଶ− 18 ⋋ +45) = 0 

⋋= 0, ⋋= 3, ⋋= 15 

The eigen values are 0, 3, 5. 

Eigen vectors 

ܣ) −⋋ ൭(ܫ
ଵݔ
ଶݔ
ଷݔ
൱ = 0 

(8 ଵݔ(⋌− − ଶݔ6 + ଷݔ2 = 0 

ଵݔ6                                             + (7 ଶݔ(⋌− − ଷݔ4 = 0 --------(A) 

ଵݔ2 − ଶݔ4 + (3 ଷݔ(⋌− = 0 

                          Put ⋋= 0 in (A) 

ଵݔ8 − ଶݔ6 + ଷݔ2 = 0 

ଵݔ6 + ଶݔ7 − ଷݔ4 = 0 
ଵݔ

ቚ−6 2
7 4ቚ

=
ଶݔ−

ቚ 8 2
−6 −4ቚ

=
ଷݔ

ቚ 8 −6
−6 4 ቚ

 

 
ଵݔ
1 =

ଶݔ
2 =

ଷݔ
2  

ଵݔ = ൭
1
2
2
൱ 

When ⋋= 3 in  

ଶݔ = ൭
2
−1
−2

൱ 



 

When ⋋= 15 in 

ଷݔ = ൭
2
−2
1
൱ 

2. Find the Eigen value and eigen vector for ܣ = ൭
0 1 −1
1 0 1
−1 1 0

൱ 

Soln: 

Let ܣ = ൭
0 1 −1
1 0 1
−1 1 0

൱ 

The char eqn isܣଷ − ܵଵ ⋋ଶ+ ܵଶ ⋋−ܵଷ = 0 

ܵଵ = 0   ܵଶ = −3 ܵଷ = −2 

∴⋋ଷ− 0 ⋋ଶ− 3 ⋋ +2 = 0 

݁ݎܽ ݏ݁ݑ݈ܽݒ݊݁݃݅݁ −2, 1, 1 

To find Eigen values(ܣ −⋋ ݔ(ܫ = 0 

൭
0 −⋋ 1 −1

1 0 −⋋ 1
−1 1 0 −⋋

൱൭
ଵݔ
ଶݔ
ଷݔ
൱ = ൭

0
0
0
൱ 

− ⋋ ଵݔ + ଶݔ − ଷݔ = 0 

ଵݔ −⋋ ଶݔ + ଷݔ = 0 

ଵݔ− + ଶݔ −⋋ ଷݔ = 0 

When ⋋= −2 in ———— 

ଵݔ2 + ଶݔ − ଷݔ = 0———— 

ଵݔ + ଶݔ2 + ଷݔ = 0———— 

ଵݔ− + ଶݔ + ଷݔ2 = 0-------- 

Taking, 

1&2ௗeqns 
ଵݔ
3 =

ଶݔ−
3 =

ଷݔ
3  

ଵݔ = ൭
1
−1
1
൱ 

When ⋋= 1 in ———— 

ଶݔ = ൭
0
1
1
൱ 

Since A is a symmetric matrix so Given Eigen vectors are orthogonal.  

ଷݔ ݐ݈݁ = ቆ
ܽ
ܾ
ܿ
ቇbe the 3rdeigen vector 



 

ଷݔଵ்ݔ = 0ܽ − ܾ + ܿ = 0———— 

 

ଷݔଵ்ݔ = 00ܽ − ܾ + ܿ = 0———— 
ܽ

ቚ−1 1
1 1

ቚ
=

−ܾ

ቚ1 −0
0 1 ቚ

=
ܿ

ቚ1 −1
0 1 ቚ

 

ܽ
−2 =

−ܾ
1 =

ܿ
1 

 
 
**16 Marks Reduce the Quadratic form  for zxyzxyzyx 222222   
 

2

2

2

1 1
2 2

1 1
2 2
1 1
2 2

coeff x coeff xy coeff xz

Q coeff yx coeff y coeff yz

coeff zx coeff zy coeff z

 
 
 
   
 
 
  

 

 

1. Reduce the Quadratic form to canonilal form ૡ࢞ + ૠ࢞ + ࢞ − ࢞࢞ −

ૡ࢞࢞ + ࢞ by an orthogonal transformation. Also find the rank, index and 

signature. 
Soln: 

Let ܣ = ൭
8 −6 2
−6 7 −4
2 −4 3

൱ 

The char eqn is ⋋ଷ− ଵݏ ⋋ଶ+ ଶݏ ⋋ ଷݏ− = 0----------(1) 

ܵଵ = ݈ܽ݊݃ܽ݅݀ ݊݅ܽ݉ ℎ݁ݐ ݂ ݉ݑݏ = 18

 ܵଶ = ݈ܽ݊݃ܽ݅݀ ݊݅ܽ݉ ݂ ݎ݊݅݉ ℎ݁ݐ ݂ ݉ݑݏ = ቚ 7 −4
−4 3 ቚ + ቚ8 2

2 3ቚ +

ቚ 8 −6
−6 7 ቚ = 45, ܵଷ = |ܣ| = 0 

∴⋋ଷ− 18 ⋋ଶ+ 45 ⋋= 0 

⋋ (⋋ଶ− 18 ⋋ +45) = 0 

⋋= 0, ⋋= 3, ⋋= 15 

The eigen values are 0, 3, 5. 

Eigen vectors 

ܣ) −⋋ ൭(ܫ
ଵݔ
ଶݔ
ଷݔ
൱ = 0 



 

(8 ଵݔ(⋌− − ଶݔ6 + ଷݔ2 = 0 

ଵݔ6 + ଶݔ(⋌−7) − ଷݔ4 = 0 --------(A) 

ଵݔ2 − ଶݔ4 + (3 ଷݔ(⋌− = 0 

                          Put ⋋= 0 in (A) 

ଵݔ8 − ଶݔ6 + ଷݔ2 = 0 

ଵݔ6 + ଶݔ7 − ଷݔ4 = 0 
ଵݔ

ቚ−6 2
7 4ቚ

=
ଶݔ−

ቚ 8 2
−6 −4ቚ

=
ଷݔ

ቚ 8 −6
−6 4 ቚ

 

 
ଵݔ
1

=
ଶݔ
2

=
ଷݔ
2

 

ଵݔ = ൭
1
2
2
൱ 

When ⋋= 3 in  

ଶݔ = ൭
2
−1
−2

൱ 

When ⋋= 15 in 

ଷݔ = ൭
2
−2
1
൱ 

P=Modal matrix ൭
1 2 2
2 1 −2
2 −2 1

൱ 

 

The normalised matrix isܰ =

⎝

⎜
⎛

ଵ
ଷ

ଶ
ଷ

ଶ
ଷ

ଶ
ଷ

ଵ
ଷ

ିଶ
ଷ

ଶ
ଷ

ିଶ
ଷ

ଵ
ଷ ⎠

⎟
⎞

 

ܦ =  ܰܣ்ܰ

⎝

⎜
⎜
⎛

1
3

2
3

2
3

2
3

1
3

−2
3

2
3

−2
3

1
3 ⎠

⎟
⎟
⎞
൭

8 −6 2
−6 7 −4
2 −4 3

൱

⎝

⎜
⎜
⎛

1
3

2
3

2
3

2
3

1
3

−2
3

2
3

−2
3

1
3 ⎠

⎟
⎟
⎞

= ൭
0 0 0
0 3 0
0 0 15

൱ 

Canonical form = ିݕଵܦ ⋎= ଵଶݕ0 + ଶଶݕ3 +  ଷଶݕ15

ݎ = ܴܽ݊݇ = 2 



 

ܲ = ݉ݎ݁ݐ ݁ݒ݅ݐ݅ݏ = ݔ݁݀݊ܫ = 2 

Signature ܵ = 2ܲ − ݎ = 2(2)− 2 = 2 

Nature of Q. F :Semi Positive definite. 

2. Reduce the quadratic form 2x1x2+2x2x3–2x3x1 to canonical form by an 

orthogonal transformation. Also find the rank index and signature of the Q.F.  

Soln: 

Reduce the matrix form is ܣ = ൭
0 1 −1
1 0 1
−1 1 0

൱ 

The char eqn isܣଷ − ܵଵ ⋋ଶ+ ܵଶ ⋋−ܵଷ = 0 

ܵଵ = 0   ܵଶ = −3 ܵଷ = −2 

∴⋋ଷ− 0 ⋋ଶ− 3 ⋋ +2 = 0 

݁ݎܽ ݏ݁ݑ݈ܽݒ݊݁݃݅݁ −2, 1, 1 

To find Eigen values(ܣ −⋋ ݔ(ܫ = 0 

൭
0 −⋋ 1 −1

1 0 −⋋ 1
−1 1 0 −⋋

൱൭
ଵݔ
ଶݔ
ଷݔ
൱ = ൭

0
0
0
൱ 

− ⋋ ଵݔ + ଶݔ − ଷݔ = 0 

ଵݔ −⋋ ଶݔ + ଷݔ = 0 

ଵݔ− + ଶݔ −⋋ ଷݔ = 0 

When ⋋= −2 in ———— 

ଵݔ2 + ଶݔ − ଷݔ = 0———— 

ଵݔ + ଶݔ2 + ଷݔ = 0———— 

ଵݔ− + ଶݔ + ଷݔ2 = 0-------- 

Taking, 

1&2ௗeqns 

ଵݔ
3 =

ଶݔ−
3 =

ଷݔ
3 ଵݔ = ൭

1
−1
1
൱ 

When ⋋= 1 in ———— 

ଶݔ = ൭
0
1
1
൱ 

ଷݔݐ݈݁ = ቆ
ܽ
ܾ
ܿ
ቇbe the 3rdeigen vector 

ଷݔଵ்ݔ = 0ܽ − ܾ + ܿ = 0———— 

 



 

ଷݔଵ்ݔ = 00ܽ − ܾ + ܿ = 0———— 
ܽ

ቚ−1 1
1 1

ቚ
=

−ܾ

ቚ1 −0
0 1 ቚ

=
ܿ

ቚ1 −1
0 1 ቚ

 

ܽ
−2 =

−ܾ
1 =

ܿ
1 

Mode matrix 

ܯ = ൭
1 0 −2
−1 1 −1
1 1 1

൱ 

ܰ =

⎝

⎜
⎜
⎜
⎛

1
√3

0
−2
√6

−1
√3

1
√2

−1
√6

1
√3

1
√2

1
√6⎠

⎟
⎟
⎟
⎞
ଷݔ = ൭

−2
−1
1
൱ 

ܦ = ܰ
்ܰ =

⎝

⎜
⎜
⎜
⎛

1
√3

−1
√3

1
√3

0
1
√2

1
√2

−2
√6

−1
√6

1
√6⎠

⎟
⎟
⎟
⎞
൭

0 1 −1
1 0 1
−1 1 0

൱

⎝

⎜
⎜
⎜
⎛

1
√3

0
−2
√6

−1
√3

1
√2

−1
√6

1
√3

1
√2

1
√6⎠

⎟
⎟
⎟
⎞

= ൭
−2 0 0
0 1 0
0 0 1

൱ 

To find canonical form 

ܨ.ܥ = ܻܦ்ܻ = ൭(ଷݕଶݕଵݕ)
−2 0 0
0 1 1
0 0 1

൱൭
ଵݕ
ଶݕ
ଷݕ
൱ = ݇݊ܽݎଷଶݕଶଶݕଵଶݕ2− = 3 

ܲ = ݔ݁݀݊ܫ = 2 

Signature 2(0)− ݎ = 2(2)− 3 = 1 

Nature of the Q. F : Indefinite. 

 

3. Reduce the Quadratic form ݔଶ + ଶݕ5 + ଶݖ + ݕݔ2 + ݖݕ2 −  to canonical ݔݖ6

form by an orthogonal transformation also find the rank index and signature of 

the Q.F. 

Let ܣ = 
1 1 3
1 5 1
3 1 1

൩ 

The char eqn is ⋋ଷ− ܵଵ ⋋ଶ+ ܵଶ ⋋ −ܵଷ = 0 

ܵଵ = 7, ܵଶ = 0,  ܵଷ = 36 

∴⋋ଷ− 7 ⋋ଶ+ 0 ⋋ +36 = 0 

⋋= −2,⋋ଶ− 9 ⋋ +18 = 0 



 

(⋋ −3)(⋋−6) = 0 ⋋= 3,6 

∴ The find Eigen vector 

ܣ) −⋋ ݔ(ܫ = 0 

൭
1 −⋋ 0 0

1 5 −⋋ 0
3 1 1 −⋋

൱൭
ଵݔ
ଶݔ
ଷݔ
൱ = ൭

0
0
0
൱ 

 

Case (i) When ⋋= 2 

൭
3 1 3
1 7 1
3 1 3

൱൭
ଵݔ
ଶݔ
ଷݔ
൱ = ൭

0
0
0
൱ 

ଵݔ
ቚ1 3
7 1ቚ

=
ଶݔ−
ቚ3 3
1 1

ቚ
=

ଷݔ
ቚ3 1
1 7ቚ

ଵݔ = ൭
1
0
−1

൱ 

Case (ii) When⋋= 3 

൭
−2 1 3
1 2 1
3 1 −2

൱൭
ଵݔ
ଶݔ
ଷݔ
൱ = ൭

0
0
0
൱ 

ଵݔ
ቚ1 3
2 1

ቚ
=

ଶݔ−
ቚ−2 3

1 1
ቚ

=
ଷݔ

ቚ−2 1
1 2

ቚ

ଵݔ
−5 =

ଶݔ−
−5 =

ଷݔ
−5 ଶݔ = ൭

−1
1
1
൱ 

Case (iii) When⋋= 6 

൭
−5 1 3
1 −1 1
3 1 −5

൱൭
ଵݔ
ଶݔ
ଷݔ
൱ = ൭

0
0
0
൱ 

ଵݔ
ቚ 1 3
−1 1

ቚ
=

ଶݔ−
ቚ5 3
1 1

ቚ
=

ଷݔ
ቚ−5 1

1 −1
ቚ

ଵݔ
4 =

ଶݔ−
−8 =

ଷݔ
4 ∴ ଷݔ = ൭

1
2
1
൱ 

ܯ = 
1 1 1
0 −1 2
−1 1 1

൩ 

ܦ = ܰ
்ܰ 

=

⎝

⎜
⎜
⎜
⎛

1
√2

0
−1
√2

1
√3

−1
√3

1
√2

1
√6

2
√6

1
√6⎠

⎟
⎟
⎟
⎞
൭

1 1 3
1 5 1
3 1 1

൱

⎝

⎜
⎜
⎜
⎛

1
√2

1
√3

1
√6

0
−1
√3

2
√6

−1
√2

1
√3

1
√6⎠

⎟
⎟
⎟
⎞

=  ൭
−2 0 0
0 3 0
0 0 6

൱ 

Canonical form 

ݕ  
 ݕ = ൭(ଷݕ ଶݕ ଵݕ)

−2 0 0
0 3 0
0 0 6

൱൭
ଵݕ
ଶݕ
ଷݕ
൱ = ଵଶݕ2−  + ଶଶݕ3 +  ଷଶݕ6



 

Rank (r) = 3 

Index (p) = 2 

Signature (s) = 2(1) – r = 2 (2) – 3 = 1 

The nature is indefinite  

4. Reduce the Quadratic form 6ݔଵଶ + ଶଶݔ3 + ଷଶݔ3 + ଶݔଵݔ4− + ଷݔଵݔ4 −  ଷ toݔଶݔ2

canonical form. Also find rank index, signature and nature of Q.F.  

Let ܣ =   ൭
6 −2 2
2 3 −1
2 −1 3

൱ 

The char eqn is ⋋ଷ− ଵݏ ⋋ଶ+ ଶݏ ⋋ ଷݏ− = 0 

ଵݏ = 12 ଶݏ , = 36 ଷݏ = 32  

∴ ⋋ଷ− 12 ⋋ଶ+ 36 ⋋ −32 = 0 

⋋= 2 , ⋋ଶ− 10 ⋋ +16 = 0 

ܣ) − 2)(⋋ −8) = 0 

The eigen values are 8, 2, 2. 

Eigen vector (ܣ −⋋ ݔ (ܫ = 0 

൭
6 −⋋ −2 2
−2 3 −⋋ −1
2 −1 3 −⋋

൱൭
ଵݔ
ଶݔ
ଷݔ
൱ =  ൭

0
0
0
൱ 

(6 −⋋)11ଵ − ଶݔ2 + 21ଷ = 0________ 

ଵݔ2− + (3 ଶݔ(⋌− − ଷݔ = 0 ________ 

ଵݔ2 − ଶݔ + (3 ଷݔ(⋌− = 0 ________ 

Care (i) ⋋= 8 

ଵݔ2− − ଶݔ2 + ଷݔ2 = 0 ________ 

ଵݔ2− − ଶݔ5 − ଷݔ = 0 ________ 

ଵݔ = ൭
2
−1
1
൱ 

Care (ii) ⋋ = 2 

ଵݔ2− + ଷݔ−ଶݔ = 0 

ଵݔ2− + ଶݔ − ଷݔ = 0 

ଵݔ2− + ଶݔ − ଷݔ = 0 

Answer ݔଷ = 0 

ଵݔ2− + ଶݔ = 0 

ଵݔ2− =  ଶݔ−



 

ଵݔ
1 =

ଶݔ
−2 

ଵݔ = ൭
1
−2
0
൱ 

Let ݔଷ = ቆ
ܽ
ܾ
ܿ
ቇ be third eigen vector 

(2 − 1    1)ቆ
ܽ
ܾ
ܿ
ቇ = 0  &(1  − 2   0)ቆ

ܽ
ܾ
ܿ
ቇ = 0   

2ܽ − ܾ + ܿ = 0 ________ 

ܽ − 2ܾ + 0ܿ = 0  ________ 
ܽ

ቚ−1 1
−2 0ቚ

=
−ܾ

ቚ2 1
1 0ቚ

=  
ܿ

ቚ2 −1
1 −2

ቚ
 

ܽ
2 =

−ܾ
−1 =

ܿ
−4 + 1 

ଷݔ = ൭
2
1
−3

൱ 

ܯ = ൭
2 1 2
−1 −2 1
1 0 −3

൱ 

ܰ =

⎝

⎜
⎜
⎜
⎛

2
√2

1
√5

2
√14

−1
√6

−2
√5

1
√16

1
√6

6
√5

−3
√14⎠

⎟
⎟
⎟
⎞

 

ܦ =  ܰܣ்ܰ

= ൭
8 0 0
0 2 0
0 0 2

൱ 

Canonical form = = ் ݕ   ݕ 

= ൭(ଷݕଶݕଵݕ)
8 0 0
0 2 0
0 0 2

൱൭
ଵݕ
ଶݕ
ଷݕ
൱ 

= ଵଶݕ8 + ଶଶݕ2 +  ଷଶݕ2

Ranu(ݎ) = 3, ݈݁݀݊ܫ = 3 

Signature = 2ܲ − ݎ = 6− 3 = 3 

Nature of Q.F = positive definite 
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2 If  2 23z x xy= − , find the value of  
2 2

2 2
3

z z
x

x y

 
+

 
 

 Solution: Given 2 23z x xy= −  

2

2 2

2 2

2 3 ; 6

2; 6

z z
x y xy

x y

z z
x

x y

 
= − = −

 

 
= = −

 

 

2

2

2 2

2 2

3 6

3 6 6 0

z
x x

x

z z
x x x

x y


=



 
+ = − =

 

 

3 Find 
u u

and
x y

 

 
when = +y x

u(x, y) x y                                                                                     (NOV/DEC 2020) 

 

Solution:  Given ( ), y xu x y x y= +
 

( ) ( )y 1 x x x a a 1

y x 1

u d d
yx y log(y) a a log a, but x ax

x dx dx

u
x log(x) xy

y

− −

−

  
= + = = 

  


= +


                                                                                                          

              

4 Verify the Euler’s theorem for the function 2 2 2 .u x y xy= + +                                      (NOV/DEC 2019) 

 

Solution:  

Euler’s theorem:  If ( ),u x y is homogeneous function of degree n in x and y then 
u u

x y nu
x y

 
+ =

 
 

( ) 2 2, 2u x y x y xy= + +

 
( )

22 2 2( , ) y 2 ( , ) ( ) 2( )( )= + +  = + +u x y x xy u tx ty tx ty tx ty  

( )2 2 2 2 2 2 2 2 2( , ) 2 y 2 .= + + = + +u tx ty t x t y t xy t x xy i e t u  

 The degree of ( ) 2 2, 2u x y x y xy= + +  is 2.      Degree = n = 2. 

 u  is homogeneous function of 2nd degree in x and y, by Euler’s theorem we have  
u u

2
x y

x y u
 

+ =
 

( )2 2u u
( . ) 2 2

x y
i e x y x y xy

 
+ = + +

   

Now, 
2 2 2u x y xy= + +  

( ) ( )2 2u u
2 2 2 2 , 2 2 2 2

x
x x x y x xy y y y x y xy

y

 
= + = + = + = +

 
 

2 2 2 2 2 2u u
. . 2 2 2 2 2 2 4 2( 2 ) . .

x y
L H S x y x xy y xy x y xy x y xy R H S

 
= + = + + + = + + = + + =

 
 

5 If 
y

z xf
x

 
=  

 
,then find the value of 

z z
x y

x y

 
+

 
 using Euler’s theorem                     (NOV / DEC 2020) 

 
Solution:  Given 

y
z xf

x

 
=  

 
.    
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              i.e.,  
y

z(x, y) xf
x

 
=  

 
    

                  

1

ty y
z(tx, ty) txf txf t.z(x, y)

tx x

z(tx, ty) t z(x, y)

   
= = =   

   

=

 

 z(x, y)  is a homogeneous function of degree 1 in x and y.   Degree = n = 1. 

Euler’s theorem:  If ( ),u x y is homogeneous function of degree n in x and y  then 
u u

x y nu
x y

 
+ =

 
.

 
 z is a homogeneous function of 1st degree in x and y, by Euler’s theorem , we have 

     
z z

x y 1(z) z
x y

 
+ = =

 
 

6 If  1
cos ,

x y
u

x y

−
 +

=  
 + 

 show that 
1

cot .
2

u u
x y u

x y

 
+ = −

 
 

 

Solution:  1cos cos
x y x y

u u f
x y x y

−
 + +

=  = =  + + 

(x, y) 

( ) ( )
1/2

( , )

( ) ( )
( , ) ( , )

x y
f x y

x y

tx ty t x y t x y
f tx ty t f x y

tx ty t x y x y

+
=

+

+ + +
= = = =

+ + +

 

 cosf u=  is a homogeneous function of degree 
1

2
n = in x  and .y  

Therefore, by Euler’s theorem we get, 

                                       
f f

x y nf
x y

 
+ =

 
 

                  
( ) ( )cos cos 1

cos
2

u u
x y u

x y

 
+ =

 
 

        ( ) ( )
1

sin sin cos
2

u u
x u y u u

x y

 
− + − =

 
 

                        
1

sin cos
2

u u
u x y u

x y

  
− + = 

  
 

                                         
1 cos 1

cot
2 sin 2

u u u
x y u

x y u

 
+ = − = −

 
 

7 If 3 3 2
and , 2 , then find .

du
u x y x at y at

dt
= + = =

                                                             
(APR/MAY 2019) 

 

Solution: Given 
3 3 2and , 2u x y x at y at= + = =  

. .
du u dx u dy

dt x dt y dt

 
= +
   

3 3u x y= +  2x at=  2y at=  
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23
u

x
x


=


 

23
u

y
y


=


 2

dx
at

dt
=  2

dy
a

dt
=  

2 2(3 )(2 ) (3 )(2 )
du

x at y a
dt

= +  

       ( )2 2 2 2(3(at ) )(2 ) (3)(2at) (2 ) , 2at a x at y at= + = =  

      
3 5 3 2 3 2 36 24 6 (t 4)a t a t a t= + = +  

8 Find ,
dy

dx
  if  3 3

6 .x y xy+ =  

 

Solution:   

          

3 3

3 3

2 2

2 2 2

2 2 2

6 0

( , ) 6

3 6 ; 3 6

(3 6 ) 6 3 2

3 6 3 6 2

x y

x

y

x y xy

Let f x y x y xy

f f
f x y f y x

x y

fdy x y y x y x

dx f y x y x y x

+ − =

= + −

 
= = − = = −
 

− − − − −
= = = =

− − −

 

9 What is the derivative of u with respect to x, for 2 3u x y= , where 2sin 3 0x y− = ? 

 

Solution:  

    

2sin 3 0

2cos 3 0

2cos

3

x y

dy
x

dx

dy x

dx

− =

− =

 =

 

3 2 2

3 2 2

2

.

2cos
2 3 .

3

2 2 cos

2 ( cos )

du u u dy

dx x y dx

x
xy x y

xy x y x

xy y x x

 
= +
 

= +

= +

= +

 

10 State the properties of Jacobian.                                                                                                  (NOV/DEC 2018) 

 

Solution:    

(i) If u and v are functions of r and s, r and s are functions of x and y then, 
( , ) ( , ) ( , )

( , ) ( , ) ( , )

u v r s u v

r s x y x y

  
=

  
 

(ii)  If u and v are functions of x and y then, 
( , ) ( , )

1
( , ) ( , )

u v x y

x y u v

 
=

 
    (i.e)    'JJ = 1 

(iii) If u, v, w are functionally dependent functions of three independent variable x, y, z then     

( , , )
0

( , , )

u v w

x y z


=


 

11 

 

If 2 2
x u v= −  and 2y uv= , find the Jacobian of x and y with respect to u and v.   

(APR/MAY 2019)                                             

 Solution:  2 2 2 ; 2
x x

x u v u v
u v

 
= −  = = −

 
 and 2 2 ; 2

y y
y uv v u

u v

 
=  = =
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( )
2 2

2 2( , )
4 ( )

2 2,

x x

u vx y u v
u v

y y v uu v

u v

 

−  
= = = +
 

 

 

12 If x uv= and
u

y
v

= then find
( , )

.
( , )

x y

u v



                                                                                                     
(JAN 2018) 

 
Solution:  ;

x x
x uv v u

u v

 
=  = =

 
 and 

2

1
;

u y y u
y

v u v v v

 
=  = = −

 
 

 

2

2

( , ) 1 2
1

( , )

x x
v u

x y u u u uu v
v uu

y yu v v v v v v
v v

u v

 

 − − −    
= = = − = − =−    
     

 

 

13 If 
( , )

cos , sin
( , )

r
x r y r then find

x y


 


= =

                                                
(JAN 2018) & (NOV/DEC 2019) 

 

Solution:  ( )cos cos ; sin
x x

x r θ θ r
r




 
=  = = −

 
 and sin sin ; cos

y y
y r θ θ r

r




 
=  = =

 
 

cos sin( , )

sin cos( , )

x x

rx y r
r

y y rr

r

 

 



 

−  
= = =
 

 

     

 

( , ) 1 1

( , )( , )

( , )

r

x yx y r

r






 = =





 

14 Find Taylor’s series expansion of  x y  near the point (1,1) up to first degree terms. 

 Solution: The Taylor’s series expansion is given by  

( ) ( ) ( ) ( ) ( ) ( ), , – , – ,x yf x y f a b x a f a b y b f a b= + +   + 

( ), yf x y x=  ( )1,1 1f =  

( ) 1, y

xf x y yx −=  ( )1,1 1xf =  

( ), logy

yf x y x x=  ( )1,1 0yf =  

( ) ( )( ) ( )( ), 1  –1 1 –1  0f x y x y= + +  

               1  1x= + −  

        yx x=  

15 Obtain Taylor’s series expansion of 
x y

e
+

in powers of x and y up to first degree terms. 

 

Solution: The Taylor’s series expansion is given by  

( ) ( ) ( ) ( ) ( ) ( ), , – , – ,x yf x y f a b x a f a b y b f a b= + +   + 

( ), x yf x y e +=  ( )0,0 1f =  

( ), x y

xf x y e +=  ( )0,0 1xf =  

( ), x y

yf x y e +=  ( )0,0 1yf =  

( ) ( ) ( ) ( ) ( ) ( ), 0,0 – 0 0,0 – 0 0,0x yf x y f x f y f  = + +  
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                ( ) ( )1 1 1x y= + +   

       1x ye x y+ = + +  

16 State the conditions for maxima and minima of ( ),f x y . 

 Solution:   

If ( ) ( ), 0, , 0x yf a b f a b= = and ( ) ( ) ( ), , , , ,xx xy yyf a b A f a b B f a b C= = = then  

(i) ( ),f x y  has maximum value at ( ),a b if
2 0AC B−  and  A< 0 or C< 0 

(ii) ( ),f x y  has minimum value at ( ),a b if
2 0AC B−  and  A > 0 or C> 0 

17 Find the maxima and minima of ( ) 2 2
, 6 4 12 .f x y x y x y= + + + +  

 

Solution: Given ( ) 2 2, 6 4 12f x y x y x y= + + + +  

2 6 0 –3;   2 4 0 2x yf x x f y y= + =  = = + =  = − . 

The stationary point is (-3, -2).  

2;   0 ;    2,xx xy yyA f B f C f= = = = = =  

2– 4 0 and  0AC B A=   . 

f   is minimum at (–3, -2) and the minimum value is 

( ) ( ) ( )
2 2–3, 2 3 ( 2) 6 3 4( 2 12 25 26 1)f − = − + − + − + = −− = −+ . 

18 Find the possible extreme point of ( ) 2 2 2 2
, .f x y x y

x y
= + + +  

 

Solution: ( ) 2 2 2 2
,f x y x y

x y
= + + +  

2

3

2 2

2
2 ;

2 2
0 2 0; 2 ; 1 1

f
x

x x

f
x x x x

x x x


= −




=  − = = =  =

  

2

3

2 2

2
2 ;

2 2
0 2 0; 2 ; 1 1

f
y

y y

f
y y y y

y y y


= −




=  − = = =  =



 

The possible extreme point is ( )1,1 . 

19 
A rectangular box open at the top is to have a maximum capacity whose surface area is 648 square 

centimeters. Formulate the maximization function to find the dimensions of the box.  

 

Solution: 
Let , , be the length,breadth and height of the boxx y z . 

volume ( max )

( , , )

length breadth height xyz Volume to be imized

Let f x y z xyz

=   =

=
 

 Since the rectangular box is of open at the top, Surface area on the top is zero. 

       

Total surface area of the box 2 2 648 ( )

( , , ) 2 2 648

xy yz zx given

Let g x y z xy yz zx

 = + + =

= + + −
 

The optimization function to find the dimensions of the box is      

( , , ) ( , , ) ( , , )F x y z f x y z g x y z= + where λ is langrange multiplier.  
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( )= + + + −, ( , , ) 2 2 648Hence F x y z xyz xy yz zx  

20 

Formulate the optimization function to find the volume of the largest rectangular solid which can be 

inscribed in an ellipsoid 
2 2 2

2 2 2
1

x y z

a b c
+ + = .

 

 

Solution: 

Let the sides of the rectangular box be2 , 2 , 2x y z
. 

The largest rectangular parallelepiped inscribed in the ellipsoid 

2 2 2

2 2 2
1

x y z

a b c
+ + =  will have its corners on 

the ellipsoid and its sides parallel to the coordinate plane. Hence its corners are 
  ( , , ).x y z

 

                             

=  

=

=

= + + −
2 2 2

2 2 2

Volume 2 2 2

8

Let 8

1

V x y z

xyz

f xyz

x y z
g

a b c

 

The optimization function to find the dimensions of the box is  

                                          = + = +( , , ) ( , , ) ( , , ) ( . .)F x y z f x y z g x y z i e F f g    

                                              
 

= + + + −  
 

2 2 2

2 2 2
( , , ) (8 ) 1

x y z
F x y z xyz

a b c
 

where is langrange multiplier .
 

PART – B 

1 

For the given function ( )1
tan

x
z xy

y

−  
= − 

 
, verify whether the statement  

2 2
z z

x y y x

 
=

   
 is correct or not.                                                                                                     (NOV/DEC 2019) 

2           If ( )
1 2 2 2

2 2 2 2
2 2 2

,  then find  the value of .
u u u

u x y z
x y z

−   
= + + + +

                                             

(JAN 2018) 

3  If ,
y x z x

u f
xy xz

 − −
=  

 
, then find 

2 2 2
.

u u u
x y z

x y z

  
+ +

                                                            

(JAN 2019) 

4 If ( )
y

u x y f
x

 
= −  

 
, then find

2 2 2
2 2

2 2
2

u u u
x xy y

x yx y

  
+ +

  
              

 

5 If  ( )2 3 ,3 4 ,4 2u f x y y z z x= − − − , then find 
1 1 1

.
2 3 4

u u u

x y z

  
+ +

  
   

                                    

(JAN 2019) 

6 Find ,
du

dt
 if u xy yz zx= + +  where 2

, , .
t

x t y e z t= = =  

7 Find ,
du

dt
 if u x y z= − +  where 

2 2 2
, cos 3 , sin 3

t t t
x e y e t z e t= = =  
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UNIT IV 

INTEGRAL CALCULUS 

Problems: 

1. Evaluate ∫ (𝑥2 − 2𝑥)𝑑𝑥
3

0
 by using Riemann sum by taking right end points as the sample 

points. 

Solution: 

Take n subintervals, we have ∆𝑥 =
𝑏−𝑎

𝑛
 = 

3

𝑛
 

            𝑥0 = 0, 𝑥1 =
3

𝑛
, 𝑥2 =

6

𝑛
, 𝑥3 =

9

𝑛
 , … , 𝑥𝑖 =

3𝑖

𝑛
, … 𝑥𝑛 =

3𝑥

𝑛
 

            Since we are using right end points. 

 ∫ (𝑥2 − 2𝑥)𝑑𝑥
3

0
 = lim

𝑛→∞
∑ 𝑓(𝑥𝑖)∆𝑥𝑛

𝑖=1  

  = lim
𝑛→∞

∑ 𝑓 (
3𝑖

𝑛
) (

3

𝑛
)𝑛

𝑖=1  

  = lim
𝑛→∞

 
3

𝑛
∑ [(

3𝑖

𝑛
)2 − 2(

3𝑖

𝑛
)]𝑛

𝑖=1  

  = lim
𝑛→∞

3

𝑛
∑ [

9

𝑛2 𝑖2 −
6

𝑛
𝑖]𝑛

𝑖=1  

  = lim
𝑛→∞

27

𝑛3 [
𝑛(𝑛+1)(2𝑛+1)

6
]- lim

𝑛→∞

18

𝑛2

𝑛(𝑛+1)

2
 

 = lim
𝑛→∞

27

6𝑛3 𝑛3 [1 +
1

𝑛
] [2 +

1

𝑛
]- lim

𝑛→∞

9

𝑛2  𝑛2 𝑛(𝑛+1)

2
[1 +

1

𝑛
] 

 = 
27

16
(1)(2) − 9(1) 

 = 9 – 9 = 0 

2. Evaluate ∫
cos 𝑥

𝑠𝑖𝑛𝑥+𝑐𝑜𝑠𝑥
𝑑𝑥

𝜋

2
0

 

Solution 

Let I = ∫
cos 𝑥

𝑠𝑖𝑛𝑥+𝑐𝑜𝑠𝑥
𝑑𝑥

𝜋

2
0

             ….(1) 

         = ∫
cos(

𝜋

2
−𝑥)

𝑠𝑖𝑛(
𝜋

2
−𝑥)+𝑐𝑜𝑠(

𝜋

2
−𝑥)

𝑑𝑥
𝜋

2
0

 



                               ∴ I = ∫
sin 𝑥

𝑠𝑖𝑛𝑥+𝑐𝑜𝑠𝑥
𝑑𝑥

𝜋

2
0

     ….(2) 

(1) + (2) ⟹ 2I = ∫
cos 𝑥

𝑠𝑖𝑛𝑥+𝑐𝑜𝑠𝑥
𝑑𝑥

𝜋

2
0

+  ∫
sin 𝑥

𝑠𝑖𝑛𝑥+𝑐𝑜𝑠𝑥
𝑑𝑥

𝜋

2
0

 

= ∫
cos 𝑥

𝑠𝑖𝑛𝑥+𝑐𝑜𝑠𝑥
+

sin 𝑥

𝑠𝑖𝑛𝑥+𝑐𝑜𝑠𝑥
𝑑𝑥

𝜋

2
0

 

= ∫
sin 𝑥+𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥+𝑐𝑜𝑠𝑥
𝑑𝑥

𝜋

2
0

 

= ∫ 1 𝑑𝑥
𝜋

2
0

 

= [𝑥]0

𝜋

2 

= 
𝜋

2
− 0 

        ∴ I =  
𝜋

2
 
1

2
 

= 
𝜋

4
 

3. Evaluate ∫ log (
1

𝑥
− 1)

1

0
𝑑𝑥 

Solution: 

   Let I =  ∫ log (
1

𝑥
− 1)

1

0
𝑑𝑥 

= ∫ log (
1−𝑥

𝑥
)

1

0
𝑑𝑥 ……(1) 

= ∫ log (
1−(1−𝑥)

(1−𝑥)
)

1

0
𝑑𝑥 

        ∴I = ∫ log (
𝑥

1−𝑥
)

1

0
𝑑𝑥    …..(2) 

(1) + (2) ⟹ 2I = ∫ log (
1−𝑥

𝑥
)

1

0
𝑑𝑥 + ∫ log (

𝑥

1−𝑥
)

1

0
𝑑𝑥 

= ∫ [log (
1−𝑥

𝑥
) + log (

𝑥

1−𝑥
)]

1

0
𝑑𝑥 

= ∫ [log (
1−𝑥

𝑥
) (

𝑥

1−𝑥
)]

1

0
𝑑𝑥 

= ∫ log 1  𝑑𝑥
1

0
 



= ∫  𝑑𝑥
1

0
 = 0 

     ∴2 I = 0 

          I = 0 

4. Using integration by parts, evaluate ∫
(𝑙𝑜𝑔𝑥)2

𝑥2  𝑑𝑥 

Solution:  

   Let I = ∫
(𝑙𝑜𝑔𝑥)2

𝑥2
 𝑑𝑥 

  ∫ 𝑢 𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

                    𝑢 = (𝑙𝑜𝑔𝑥)2 

       𝑑𝑢 = 2(𝑙𝑜𝑔𝑥) (
1

𝑥
) 𝑑𝑥 

        𝑑𝑣 =  
1

𝑥2  𝑑𝑥 

                ∫ 𝑑𝑣 = ∫
1

𝑥2 𝑑𝑥 

                     𝑣 =  −
1

𝑥
 

           ∴ I = (𝑙𝑜𝑔𝑥)2 (
−1

𝑥
) − ∫ (

−1

𝑥
) 2 (𝑙𝑜𝑔𝑥) (

1

𝑥
) 𝑑𝑥 

                = −
1

𝑥
(𝑙𝑜𝑔𝑥)2 + 2𝑙𝑜𝑔𝑥 (

1

𝑥2) 𝑑𝑥 

Again let   𝑢 = 𝑙𝑜𝑔𝑥 

               𝑑𝑢 =
1

𝑥
𝑑𝑥 

    𝑑𝑣 =  
1

𝑥2  𝑑𝑥 

        𝑣 =  −
1

𝑥
 

I = (
−1

𝑥
) (𝑙𝑜𝑔𝑥)2 + 2 [(𝑙𝑜𝑔𝑥) (

1

𝑥
) − ∫ (

−1

𝑥
)

1

𝑥
 𝑑𝑥] 

   = (
−1

𝑥
) (𝑙𝑜𝑔𝑥)2 − 2 (

1

𝑥
) 𝑙𝑜𝑔𝑥 + 2 ∫

1

𝑥2
𝑑𝑥 

    = (
−1

𝑥
) (𝑙𝑜𝑔𝑥)2 − 2 (

1

𝑥
) 𝑙𝑜𝑔𝑥 − 2 (

1

𝑥
) + 𝑐 



5. Evaluate ∫ 𝑡𝑎𝑛−1𝑥𝑑𝑥. Also find ∫ 𝑡𝑎𝑛−1𝑥𝑑𝑥
1

0
  

Solution: 

Let 𝑢 = 𝑡𝑎𝑛−1𝑥  

     𝑑𝑢 =
1

1+𝑥2 𝑑𝑥 

     𝑑𝑣 = 𝑑𝑥 

       𝑣 = ∫ 𝑑𝑥 = 𝑥 

          ∫ 𝑢 𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

 ∫ 𝑡𝑎𝑛−1𝑥𝑑𝑥 = 𝑥𝑡𝑎𝑛−1𝑥 − ∫ 𝑥 (
1

1+𝑥2) 𝑑𝑥 

                = 𝑥𝑡𝑎𝑛−1𝑥 − ∫ (
1

1+𝑥2) 𝑑𝑥   …..(1) 

Take ∫ (
1

1+𝑥2) 𝑑𝑥 

Put 𝑡 =  1 + 𝑥2 

     𝑑𝑡 = 2𝑥𝑑𝑥 

  ∫ (
𝑥

1+𝑥2) 𝑑𝑥=∫
1

𝑡

1

2
𝑑𝑡 

         = 
1

2
∫

1

𝑡
𝑑𝑡 

         = 
1

2
𝑙𝑜𝑔𝑡 

            = 
1

2
𝑙𝑜𝑔(1 + 𝑥2) 

(1)⇒ ∫ 𝑡𝑎𝑛−1𝑥𝑑𝑥 = 𝑥𝑡𝑎𝑛−1𝑥 −
1

2
𝑙𝑜𝑔(1 + 𝑥2) + 𝑐……(2) 

To find ∫ 𝑡𝑎𝑛−1𝑥𝑑𝑥
1

0
 

(2) ⇒ ∫ 𝑡𝑎𝑛−1𝑥𝑑𝑥 =
𝜋

4
−

1

2
log 2

1

0
 

 

 



6. Find the reduction formula for ∫ 𝑠𝑖𝑛𝑛𝑥𝑑𝑥
𝜋

2
0

 

Solution: 

 ∫ 𝑠𝑖𝑛𝑛𝑥𝑑𝑥
𝜋

2
0

 ……(1) 

(1) ⇒ 𝐼𝑛 = [
−1

𝑛
𝑐𝑜𝑠𝑥𝑠𝑖𝑛𝑛−1𝑥]

0

𝜋

2
+

𝑛−1

𝑛
∫ 𝑠𝑖𝑛𝑛−2𝑥𝑑𝑥

𝜋

2
0

 

  = 0 − 0 +
𝑛−1

𝑛
𝐼𝑛−2 

   i.e., 𝐼𝑛 =
𝑛−1

𝑛
𝐼𝑛−2 

      𝐼𝑛−2 =
𝑛−3

𝑛−2
𝐼𝑛−4 

𝐼𝑛 = {

𝑛 − 1

𝑛

𝑛 − 3

𝑛 − 2

𝑛 − 5

𝑛 − 4
…

1

2
𝐼0(𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛)

𝑛 − 1

𝑛

𝑛 − 3

𝑛 − 2

𝑛 − 5

𝑛 − 4
…

2

3
𝐼1(𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑)

 

7. Evaluate  ∫ 𝑐𝑜𝑠𝑒𝑐3𝑥𝑑𝑥
𝜋

3
𝜋

6

  

Solution: 

Let I = ∫ 𝑐𝑜𝑠𝑒𝑐3𝑥𝑑𝑥
𝜋

3
𝜋

6

=  ∫ 𝑐𝑜𝑠𝑒𝑐2𝑥𝑐𝑜𝑠𝑒𝑐𝑥𝑑𝑥
𝜋

3
𝜋

6

 

Put 𝑢 = 𝑐𝑜𝑠𝑒𝑐𝑥 

                𝑑𝑢 =  −𝑐𝑜𝑠𝑒𝑐𝑥 cot 𝑥 𝑑𝑥 

      𝑑𝑣 = 𝑐𝑜𝑠𝑒𝑐2𝑥𝑑𝑥 

        𝑣 = ∫ 𝑐𝑜𝑠𝑒𝑐2𝑥𝑑𝑥 = −𝑐𝑜𝑡𝑥 

           ∫ 𝑢 𝑑𝑣 = 𝑢𝑣 −  𝑣𝑑𝑢 

∴ I = [𝑐𝑜𝑠𝑒𝑐𝑥 (−𝑐𝑜𝑡𝑥)]𝜋

6

𝜋

3 − ∫ (−𝑐𝑜𝑡𝑥)(−𝑐𝑜𝑠𝑒𝑐𝑥)𝑐𝑜𝑡𝑥𝑑𝑥
𝜋

3
𝜋

6

 

       = (
−2

√3

1

√3
) − (−2√3) − ∫ 𝑐𝑜𝑠𝑒𝑐𝑥𝑐𝑜𝑡2𝑥𝑑𝑥

𝜋

3
𝜋

6

 



= −
2

3
+ 2√3 − ∫ 𝑐𝑜𝑠𝑒𝑐𝑥(𝑐𝑜𝑠𝑒𝑐2𝑥 − 1)𝑑𝑥

𝜋

3
𝜋

6

 

          I = −
2

3
+ 2√3 − ∫ 𝑐𝑜𝑠𝑒𝑐3𝑥𝑑𝑥 + ∫ 𝑐𝑜𝑠𝑒𝑐𝑥

𝜋

3
𝜋

6

𝑑𝑥
𝜋

3
𝜋

6

 

= −
2

3
+ 2√3 − 𝐼 + [log (𝑐𝑜𝑠𝑒𝑐𝑥 − 𝑐𝑜𝑡𝑥]𝜋

6

𝜋

3  

       2I =  −
2

3
+ 2√3 − log (

2

√3
−

1

√3
) − log (2 − √3) 

= −
2

3
+ 2√3 − log (

1

√3
) − log (2 − √3) 

= −
2

3
+ 2√3 + log 1 − 𝑙𝑜𝑔√3 − log (2 − √3) 

          I = −
1

3
+ √3 −

1

2
(2√3 − 3) 

8. Evaluate ∫
𝑥2

√(9−𝑥2)
 

Solution: 

    Let I = ∫
𝑥2

√(9−𝑥2)
  

               Put 𝑥 = 3𝑠𝑖𝑛𝜃 

        𝑑𝑥 = 3𝑐𝑜𝑠𝜃𝑑𝜃 

          I = ∫
9𝑠𝑖𝑛2𝜃

√(9−9𝑠𝑖𝑛2𝜃)
3𝑐𝑜𝑠𝜃𝑑𝜃 

= ∫
9𝑠𝑖𝑛2𝜃

√(3𝑐𝑜𝑠𝜃)
3𝑐𝑜𝑠𝜃𝑑𝜃 

= 9 ∫ 𝑠𝑖𝑛2𝜃 𝑑𝜃 

= ∫
1−𝑐𝑜𝑠𝜃

2
 𝑑𝜃 

= 
9

2
[𝜃 −

𝑠𝑖𝑛2𝜃

2
] + 𝑐 

= 
9

2
𝜃 −

9

4
(2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃) + 𝑐 

= 
9

2
𝜃 −

9

2
(𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃) + 𝑐 



= 
9

2
𝑠𝑖𝑛−1 (

𝑥

3
) −

9

2
(

𝑥

3
)

√(9−𝑥2)

3
+ 𝑐 

= 
9

2
𝑠𝑖𝑛−1 (

𝑥

3
) −

1

2
(𝑥)√(9 − 𝑥2) + 𝑐 

9. Integrate the following w. r. t. 𝑥 

∫
2𝑥 + 3

𝑥2 + 𝑥 + 1
𝑑𝑥 

Solution: 

Let 2𝑥 + 3 = 𝐴 
𝑑

𝑑𝑥
(𝑥2 + 𝑥 + 1) + 𝐵 

        2𝑥 + 3 = 𝐴(2𝑥 + 1) + 𝐵 ….(1) 

Equating the coefficients of 𝑥 we get 

 2 = 2𝐴 

 𝐴 = 1 

Put 𝑥 = 0. We get 

 3 =  𝐴 + 𝐵 

 3 =  1 + 𝑏 

 𝐵 =  2 

Therefore (1)⇒ 2𝑥 + 3 = (2𝑥 + 1) + 2 

 ∫
2𝑥+3

𝑥2+𝑥+1
𝑑𝑥 = ∫

2𝑥+1

𝑥2+𝑥+1
𝑑𝑥 + ∫

2

𝑥2+𝑥+1
𝑑𝑥 

= log(𝑥2 + 𝑥 + 1) + 2 ∫
1

(𝑥+
1

2
)

2
+1−

1

4

𝑑𝑥 

= log(𝑥2 + 𝑥 + 1) + 2 ∫
1

(𝑥+
1

2
)

2
+

3

4

𝑑𝑥 

= log(𝑥2 + 𝑥 + 1) + 2 
1

(
√3

2
)

𝑡𝑎𝑛−1 (
𝑥+

1

2
√3

2

) + 𝑐 

= log(𝑥2 + 𝑥 + 1) +  
4

(√3)
𝑡𝑎𝑛−1 (

2𝑥+1

√3
) + 𝑐 

 



10. Evaluate ∫ 𝑥𝑒−𝑥2
𝑑𝑥

∞

−∞
 

Solution: 

Take ∫ 𝑥𝑒−𝑥2
𝑑𝑥 

Put 𝑢 = 𝑥2 

 𝑑𝑢 = 2𝑥𝑑𝑥 

     ∫ 𝑥𝑒−𝑥2
𝑑𝑥 = ∫ 𝑒−𝑢 𝑑𝑢

2
 

= 
1

2
[

𝑒−𝑢

−1
] 

= −
1

2
𝑒−𝑢 

= −
1

2
𝑒−𝑥2

    ….(1) 

 ∫ 𝑥𝑒−𝑥2
𝑑𝑥

∞

−∞
= ∫ 𝑥𝑒−𝑥2

𝑑𝑥 +
0

−∞
∫ 𝑥𝑒−𝑥2

𝑑𝑥
∞

0
 ….(2) 

   Take  ∫ 𝑥𝑒−𝑥2
𝑑𝑥 = lim

𝑡→−∞
∫ 𝑥𝑒−𝑥2

𝑑𝑥
∞

1

0

−∞
 

       = lim
𝑡→−∞

[−
1

2
𝑒−𝑥2

]
𝑡

0

 by (1) 

       = lim
𝑡→−∞

[−
1

2
+

1

2
𝑒−𝑡2

] 

       = −
1

2
 

Take ∫ 𝑥𝑒−𝑥2
𝑑𝑥 = lim

𝑡→∞
∫ 𝑥𝑒−𝑥2

𝑑𝑥
𝑡

0

∞

0
 

         = lim
𝑡→−∞

[−
1

2
𝑒−𝑥2

]
𝑜

𝑡

 by (1) 

         = lim
𝑡→−∞

[
1

2
−

1

2
𝑒−𝑡2

] 

                = 
1

2
 

(2) ⇒ ∫ 𝑥𝑒−𝑥2
𝑑𝑥

∞

−∞
=  −

1

2
+

1

2
 = 0 
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