Unit |
LOGIC AND PROOFS
PART - A
Without constructing the truth table show that p— (q — p) = —p(p— Q)

Solution

p—(@—p)=p—>(qVp)
pV (g Vp)
pV (pV )
(pVPV g
=TV q
=T.

2. Prove that p— q s logically prove that (—pvq)
Solution:

q pvVg

p
T
T
F
F

M| e
—|H|mH|]l
o e i

3. Define a tautology. With an example.
A statement that is true for all possible values of its propositional variables is called
a tautology universely valid formula or a logical truth.

Example: p V ~qis a tautology.
4. When do you say that two compound statement proposition are equivalent.

Two compound proposition are said to be equivalent if then the have identical truth tables.
5. Give an indirect proof of the theorem if 3n+2 is odd, then nis odd.
Solution:
P: 3n+2 is odd
Q:nisodd
Hypothesis: Assume that p — q is false.
Assume that p is true and q is false.
i.e, nisnotodd = niseven.
Analysis: If n is even then n=2k for some integer k.
3n+2= 3(2k)+2.
= 6k+2.
= 2(3k+1)
6. Define a universal specification.
(AX) = A(y)



If a statement of the form (X)A(X) is assumed to be true , then the universal quantifier can be
dropped to obtain A(y) is true for any arbitrary object y in the universe.

7.Show that {v,A} isnot functionally complete.
Solution: —p cannot be expressed using the connectives {\V,/\} .since no sets contribution of the

statement exists {\V,/\} as input if T and the output is F.

8. Write the converse, inverse, contra positive of ,,If you work hard then you will be rewarded*

Solution:
p: you will be work hard.
g: you will be rewarded.
—=p: You will not be work hard.
= q: You will no the rewarded.
Converse: gq— p, Ifyou will be rewarded then you will be work hard
Contrapositive: = g— p,if You will not be rewarded then You will not be work hard.
Inverse: — p— = q, if You will not be work hard then You will no tbe rewarded.

9. let E={ -1, 0,1,2 denote a universe of discourse . If P(x,y) : x +y =1 find the truth value of

(vx) (3y).
Solution: Given E={ -1, 0,1,2} P(X,y): x+y=1

(vx) (Fy). P(x,y) istrue since 2+(-1)=1
1+0=1.
10.obtain the disjunctive normal forms of p A(p— Q)
Solution: let s& p A (p— q)
-p A(=pvVa)
-(pA-p)Vv(PAQ)

11. Showthat (p A q) = (p— Q).
Solution:

To prove: (p /\ g)— (p— Q). is a tautology.

P g p /g P4 (» A 9)- (p- 0).

T T T T T

T F F F T

F T F T T

F F F T T 12.Write an

equivalent formula for pA(q <> r) which contains neither the bi onditional nor  conditional.
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Solution :

PA(Q o) < (pA(@-1NAT~->q)

-(pA(—qVr)A(—rvVag).

13. Show that (x) (H(X) =M(x)) AH(s) = M(s)

Solution :
Steps Premises Rule Reason
1 () (H(X) »>M(x)) P Given premise
2 H(s) =M(s) us (1) (VX) p x) = p(y)
3 H(s) P Given premise
4 M(s) T 2B (P—ap=4q

14. Show that — p(a,b) follows logically from (x) (y) (p(x,y) »w(x,y)) and —w(a, b)

Solution :
1. () () (p(xy) = w(x,y) p
2. (y), p(ay) = w(ay) Us, (1)
3. P(a,b) - w(a,b) uUs (2)
4. —=w(a,b) p Given
5. —p(a,b) T (3).(4), (P~ QA-Q=>—p

15. Symbolise: For every X, these exixts a y such that x?+y?> 100

Solution :

(vx) (3y) (x*+y*>100)


https://play.google.com/store/apps/details?id=com.poriyaan.poriyaan
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PART - B
1.a) Provethat (P> Q)A(Q > R) » (P - R)
Proof:
LetS: (P> Q)A(Q >R) = (P - R)

To prove: S is a tautology

P-0Q |Q=>R) | (P>R)

P->Qr@=R)

m{m{mmH|H|H|-H|T
e
||| || <7D
||| || =4
—|=|n| === 7|4
||| == 7|4

—|=| ||| ||+

||| ||| || »

The last column shows that S is a tautology

2. Show that = (p<—q) = (pvq) A—(pAQg) without constructing the truth table

Solution :
(peq) =(pVa) A(pAa)
C(peg = (pa) A (a-p)
= ("'pVa) A (TaVp)
=("pVa) A Ta) V((pVa) Ap)
= ("'pA ) V(@A Ta) V ((pAp) V(aAp)
=("'pVa) VFVFV(aAp)
=("'pVa) V(@Ap)
=(pVa) A (@Ap).




3. Obtain PCNF of (—p—r) A(q< p). and hence obtain its PDNF.

Solution:
PCNF:

S<—== (p—~> nA(qe p).

- PN A(@=p. AP~ q)

-V A(CTaVp).-ACTpV )

-((PV 1) VE) A((TaV p).vF) A(CpV Q) VF)

(Vv DV@ATOHA(CTAV PV (rAT D) APV V(pATP).

-((pvrv QA(PV v ) A(C gV py r)A(Cqv pV DA pvqvnVv( pV
qVv 1)

- (Vv rvgA(aVpvr)A(CqvpVv "DA pvavn)Vv( pvqVv )
PCNFofS: ((pv rvgA(( 'qv pv r)A.( 'qvpVv ')A 'pvqvrVv( pvqVv 1)

PCNFof "'S: (pvgvr)A(  'pVv 'qvr| )A(C pv qV 1)
PDNF of S: (pAgANV (" 'pA 'qAr)v( pVvA 'qA 'r).

4. Prove that /2 is irrational.

Solution :

Suppose V2 is irrational.

. om_P
.J2=_ forp,g €z,q=0,p&q have no common divisor.
q

p2
.'.?=2:> p? =2¢°.

Since p? is an even integer, p is an even integer.



.. p=2m for some integer m.

oo (2m)? =2¢° = ¢? = 2m?

Since @2 is an even integer, q is an even integer.
. =2k f or some integer k.

Thus p & g are even . Hence they have a common factor 2. Which is a contradiction to our

assumption.

. A2s irrational.

5. Verify that validating of the following inference. If one person is more successful than
another, then he has worked harder to deserve success. Ram has not worked harder than Siva.
Therefore, Ram is not more successful than Siva.
Solution:
Let the universe consists of all persons.
Let S(X,y): x is more successful than y.
H(x,y): x has worked harder than y to deserve success.
a: Ram
b: Siva
Then, given set of premises are
1) () (y) [S(xy) »H(XY)]
2) 'H(ab)

3) Conslution is = 'S(a,b).

{1} DO Sy - Hxy)l  [RuleP

{2} ) (y) [S(ay) — H(@ay)] Rule US
{3} PB)[S(ab) - H(a,b)] Rule US
{4} 4) TH(ab) Rule P

{5} ) T S(ab) RuleT("'P,P -Q = Q)




1. Pigeon Hole Principle:

Unit - 11
COMBINATORICS
PART - A

If (n=1) pigeon occupies ‘n” holes then atleast one hole has more than 1 pigeon.

Proof:

Assume (n+1) pigeon occupies ‘n’ holes.

Claim: Atleast one hole has more than one pigeon.

Suppose not, ie. Atleast one hole has not more than one pigeon.
Therefore, each and every hole has exactly one pigeon.

Since, there are ‘n” holes, which implies, we have totally ‘n’ pigeon.
Which is a = < to our assumption that there are (n+1) pigeon.
Therefore, atleast one hole has more than 1 pigeon.

2. Prove that nPy = (n-r+1)*nP.1

Solution:
We know that nP, = nt
(n—=rn)!
nPr 4= n—'
[h—(r-D]!
But n! = n*(n-1)!
(n-r+1)! = (n-r+1) (n-r)!
Now (n-r+1) *nP.1
n!
=(n-r+l)* ———
(et [n—(r-1]!
_ (n-r+1)*n! __nt — P
[n—r+1)! (n=n)! r

3. In how many ways can letters of the word “INDIA” be arranged?

Solution:

The word contains 5 letters of which 2 are I’s.



o' _ 5x4x3%2%]
2! 2*1

The number of words possible = > =60

4. Use mathematical induction to show that n! > 2™ n = 5.6,.....
Solution:
Let P(n): n! >2™1 n=356,.....
Assume P(5): 5! > 2°*1 is true
Assume P(k): k! > 2% is true
Claim: P(k+1) is true.
Using (1), we have, k! > 2k*1
Multiply both sides by 2, we have 2 k! > 2. 2€*1 s true
(k+1) k! > 2k+2
(k+1) ! > 2k+2
“ P(k+1) is true
Hence by the principle of mathematical induction, n! > 2" forn=15,.....
5. Find the value of n if nP3 = 5nP;
Solution:
NP3 = 5nP;
n(n-1) (n-2) =5n (n-1)
n-2=5
n=7

6. How many ways are these to select five players from 10 member tennis team to make a trip
to match to another school.

Solution:

5 members can be selected from 10 members in 10Cs ways.

10!

Now, 10Cs =
5151

= 252 ways.



7. If the sequence an= 3.2", n > 1, then find the corresponding recurrence relation.

Solution:
For n>1 an=3.2"

n-1 nl = 3 2
Now, an-1= 3.2 =3.2 =9 ?

_a"
an-1= 7 = an=2 (an-l)

= an=2 an.1, forn >1, with ap=3.

PART -B

1. Find the number of distinct permutation that can be formed. From all the letter of each
word (1) RADAR (2) UNUSAL.

Solution :
(1) The word RADAR contains 5 letters of which 2 A’s and 2 R’s are there

The number of possible words = 2|'2|

_I20

= =30
2%2

No. of distinct permutation = 30
The word UNUSAL. contains 7 letters of which 3 U’s are there

(2) The number of possible words = !
3!

=840

No. of distinct permutation = 840.
2. Use mathematical Induction, prove that Solution*

1 +  +..4>forn=2.



Let P(n): %+%+%+ — %%/ﬁ ,n>2.
i) P(2): il+i2=(1-707) > /2 =(1.414) is true.
ii) P(k): %+i2+ ------ +%> K IS TrU€..cccovirceeieeeee 1
Claim: P(k+1): %+%+ ...... +%+ k1+1
= JK+ 1 m+l

Jkr1 Jk+1l
= Jk+1
P(k+1) > +k+1 istrue.

L L +i> n+1.

1
ARB T
", n(n+1)(2n+1)

3. Use mathematical Induction, prove that »_i*=

By the principle of mathematical Induction,

=) 6
Solution:
Let P(n): 12422+3%+..... 4n® = nn+1)@n+1)
...... 5
i) P(1): 1° = M# is true.

_ k(k +1)(2k +1)

ii) Assume P(K): 12422+3%+..... +k? is true.

Where Kk is any integer,
iii) Claim: P(k+1) is true.
Now, P(k+1): 12+22+3%+. . ... +k?+(k+1)?
_ k(k +1)§52k +1) T (k +1)2

_ k(k +1)(2k +1) +6(k +1)°
6

_ (K +1)((k +1) +1)(2(k +1) +1)
6

P(k+1) is true.



" _ n(n+1)(2n+1)

By the principle of mathematical Induction, Ziz = is true for all “n’

4. Use mathematical Induction, prove that (3"+7"-2) is divisible by 8, for n > 1.
Solution:

Let P(n): (3"+7"-2) is divisible by 8

i) P(1): (347-2) is divisible by 8, is true.
i) Assume P(Kk): (3+7-2) is divisible by 8, is true.................. 1

Claim: P(k+1) is true.
P(k+1) = 3*1+7k1.2 =3.37.7%2  =3.33.7%4-7%-6+4
= 3 (B4T52) + A(T5HL) oo, 2
4(7%+1) is divisible by 8. (7*+1 is an even number, for k > 1)

3(3%+7%-2) is divisible by 8  Using 1
P(k+1) = 3(3%+7%-2) + 4(7*+1) is divisible by 8 is true.
P(k+1) is true.

By the principle of mathematical Induction, P(n): (3"+7"-2) is divisible by 8

5. Solve the recurrence relation an = 2an-1— 2an2, n>2 and ap =1 & a1 = 2.
Solution:
The recurrence relation can be rewritten as an-2an-1 + 2an2 = 0.
The Characteristic equation is n?-2r+2 = 0

+ .
Roots arer = _T =1+1i

T ... T
= tisin 7))

The modulus (amplitude) from of 1 +i= 2 (cos s A

)" (C1.cos " 4 Cosin T )

V2 4 4
Given a, = 1, put n=0 in (A)
2=(f3)° (Ci+0)
wegetCi=1
Given ai = 2, put n=1 in (A)

Solution: an = (

— 1 n—Tc+C in DX
a1—(ﬁ) (Crcos ~, +Casin®,")

1

_ 1
2=42 (& 5+ Ce )



2=C1+C,. 2=1+C,.

Substituting C1 = 1 & Cz = 1 in/A

. . nw . . . Nm
The required solution isa, = ( 2)"(cos ~— +1i.sin™")
4 4

C



UNIT =11

GRAPHS

PART -A
1. The Handshaking Theorem

Let G = (V, E) be an undirected graph with ‘e’ edges. Then Zvev deg(v) = 2e

The sum of degrees of all the verticies of an undirected graph is twice the number of edges of
the graph and hence even.

Proof:

Since every edge is incident with exactly two vertices, every edges contributes 2 to the sum of
the degree of the vertices.

All the ‘e’ edges contributes (2¢) to the sum of the degrees of vertices.

D deg(v) = 2e

2. Draw the graph with 5 vertices, A, B, C, D, E such that deg(A) = 3, is an odd vertex, deg (C)
=2 and D and E are adjacent.

Solution:
A
(e
ot :
B

d(E)=5

d(C)=2

d(D) =5

d(A)=3

d(B) =1

3. In an undirected graph, the numbers of odd degree vertices are even.

Proof:

Let V1 and V2 be the set of all vertices of even degree and set of all v ertices
of odd degree, respectively, in a graph G= (V, E).



Therefore, d(v)= d(vi)+ d(vj)
By handshaking theorem, we have
Since each deg (vi) iseven, iseven.

As left hand side of equation (1) is even and the first expression on the RHS of (1) is
even, we have the 2nd expression on the RHS must be even.

Since each deg (vj) is odd, the number of terms contained ini.e., The number of

vertices of odd degree is even.

4. If the simple graph G has 4 vertices and 5edges, then how many edges does G° have?

Solution:

EGue = = .

| EG) +|E@G)| :ﬂvz_—ll

e+|E(G)| = viv=d)

2
EG®) = v(v-1) - Grhas YD g edges
2 2
a4-1)

5 =6-5=1edges.

.. G®have

5. How many edges are there in a graph with ten vertices each of degree six.
Solution:
Let e be the number of edges of the graph.

2e = Sum of all degrees

= =10*6 = 60.

= 2e =60 —e =30. There are 30 edges.

6. How many vertices does a regular graph of degree 4 with 10 edges have.



Solution:
Dd(v)=2e
Let ‘n’ be the number of vertices and ‘e’ is the number of edges.
dn=2*10
n=5
There are 5 vertices in a regular graph of degree 4 with 10 edges.

7. Define Bipartite Graph.

A graph G is said to be bipartite if its vertex set V(G) can be partitioned into two disjoint non empty
sets V1 and V2, V1V2=V(G), such that every edge in E(G) has one end vertex in V1 and another end
vertex in V2. (So that no edges in G, connects either two vertices in V1 or two vertices in V)

For example, consider the graph G.

Then G is a Bipartite graph.

8. Find adjacency matrix of the graphs given below

ML N S AV =4

O ® < - @

L \». & ///
™ 2ol
=l "
¥l
S
A s O 1~
. g O e )
V3 e



Solution:

a) Adjacency matrix

v1[0110
a=[a]- v2i1 0 0 1
A= yal1 0 0 1

valo 1 1 0
b)

Vi[0 1 0 0
o - v2lo 0 1 0
A=1%1 y3l1 1 0 0

V40h 10

9. Define: Graph Isomorphism

Two graph Gz and G are said to be Isomorphic to each other, if there exist a one-to-one
correspondence between the vertex sets which preserves adjacency of the vertices.

10. Define: Connect Graph

A directed graph is said to be connected if any pair of nodes are reachable from one another. That
is, there is a path between any pair of modes.

A graph which is not connected is called disconnected graph.

PART -B

1. Show that graph G is disconnected if and only if its vertex set V can be partitioned into two
nonempty subsets V1 and V- such that there exists no edge in G whose one end vertex is V1 and
the other in V,.

Solution:

Suppose that such a partitioning exists. Consider two arbitrary vertices a & b of G such that a
e Viand b € V.. No path can exist between vertices a & b. Otherwise, there would be atleast one
edge whose one end vertex be in V1 and the other in € V>. Hence if partition exists, G is not
connected.



Conversely, let G be a disconnected graph.

Consider a vertex a in G. Let V1 be the set of all vertices that are joined by paths to a. Since
G is disconnected, V1 does not include all vertices of G. The remaining vertices will form a set Vo.
No vertex in V1 is joined to any in V2 by an edge. Hence the partitio.

2. A simple graph with ,,n* vertices and ,,k* components can have atmost (n= k)(r;— kK+1) edges.
Proof:
Letnl,n2, ...... , Nk be the number of vertices in each of k components of the graph G.

Then ni+ny+....+nk = n = |V (G)|

Now, Z(ni ~1) =(n-1)+(n- D). (k1)

= 2.0 —k)

i=1
k

D> (n =) =nk

i=1

]
Squaring on both sides [i n — kJ = (n-k)®

i=1
(M-1)2 + (n2-1)2 + ... + (N -1)2 < n? + k? -2nk

nt2+1-2 n*+n??+1-2n%+.....+n’k+1-2nk < n? + k? -2nk

z n?+k-2n < n®+ k?-2nk

i=1 l

n? < n? + k% -2nk+2n-k
i

Il
i

n2=n?+ K kankszn - 2 YK(k-D)-2n(k-1)

M-






=n? + (k-1) - (k-2n)

k
ni2 < n? + (k-1) - (k-2n)
=1

n;(n; -1)
L,

Since, G is simple, the maximum number of edges of G in its components is

. < ni(n-1)
Maximum number of edges of G = Z; R

:Z |r(ni _ni)—||
e | 2]

1k 1,
= — ni -— f
221“ ' 221_: i

2

< L sy ke2n)- 1
2 2

— 1 2 2

= _ [n* -2nk+k“+2n-k-n)]
2

L 2 -2nke+ke+n-k]
2

L [nk)? +(nK)]
2

= 1K) (k1)
2

(—K)(n—k+1)
2

IA

Maximum no. of edges of G

3. Determine which of the following graphs are bipartite and which are not. If a graph is
bipartite, state if its completely bipartite.

Gl B G3



Solution:

i) In Gy, since the vertices D, E, F are not connected by edges, the may be considered as one
subset V1. Then A, B, C belong to V..

Vi={DEF}&V,={ABC}

The vertices of V1 are connected by edges to the vertices of V2 , but the vertices A, B, C
V> of the subset are the edges AB, BC.

Hence the graph G is not a Bipartite.
i) By taking
Vi={AC}& V.= {B,D,E}
The condition required for bipartite graph are satisfied.
Hence the graph G: is complete Bipartite graph.
iii) By taking
Vi= {AB,C} & V.= {D,EF}
The condition of bipartite is satisfied.
Hence the graph Gs is Bipartite.
Here the vertices A and F (Also C and D) are not connected by edges.
AeV1 is not adjacent to F €V>
Gz is not a complete Bipartite graph.

4. The maximum number of edges in a simple graph with ,,n* vertices is _n(n 1)

Proof:

We prove this theorem by the principle of Mathematical Induction.
For n =1, a graph with 1 vertices has no edges.

The result is true for n = 1.

For n =2, a graph with 2 vertices may have atmost one edge.



22-1) _,
2

The result is true for n = 2.

Assume that the result is true for n =k ie., a graph with k vertices has atmost Lz_l) edges.

Whenn=k + 1, let G be a graph having ‘n’ vertices and G’ be the graph obtained from G by
deleting one vertex say v €V (G)

Since G’ has k vertices, then by the hypothesis G’ has atmost

edges. Now add the vertex

k(k —1)
2

v’ may be adjacent to all the k vertices of G’.

The total number of edges in G are,
2
k(k-1) |\ = K2 -k+2K)
2
k? +k
2

_k(k+1)
2

_ (k+1)(k +1-1)
2

The result is true forn =k +1

n(n-1)

Hence the maximum number of edges in a simple graph with ‘n’ vertices is

5. If all the vertices of an undirected graph are each of degree k, show that the number of
edges of the graph is amultiple of k.
Proof:

Let 2n be the number of vertices of the given graph.

Let ne be the number of edged of the given graph.

2n
By Handshaking theorem, we have ZdegVi =2ne

i=1



= 2Nk = 2Ne = Ne= Nk = no. of edges = multiple of k.
The number of edges of the given graph is a multiple of k.

6. Draw the complete graph Ks with vertices A, B, C, D, E. Draw all complete sub group of Ks
with 4 vertices.

Solution:

Ina graph, if there exist an edge between every pair of vertices, then such a graph is called complete
graph.

ie., In a graph if every pair of vertices are adjacent, then such a graph is called complete graph.

Complete graph ks is

ks

Now, complete subgraph of ks with 4 vertices are

=1 A




UNIT - IV
ALGEBRAIC STRUCTURES
PART - A

1. Every cyclic monoid (semi group) is commutative.
Proof:
Let (M,*) be a cyclic monoid whose generatorisa e M
Then for x,yeM, we have x=2a", y=a™ m,n — integers.
Now, x*y =a"* a™ = a"™
="M =a"*a" =y *x
Therefore (M,*) is commutative or abelian.
2. Every sub group of an abelian group is normal.
Proof:

Let G be an abelian group and H be a subgroup of G.

Now, x *H* x* = ¢ *(H*x™), x €G, heH [G is abelian, ..

=1 *(X** H)
=(x* 2™ H)
—e*H
=H
~.For x €G, heH, we have
y *H* 1 =H
3. Every cyclic is an abelian group
Proof: x,y €G
x = ak, y = a' for integers kit
x*y = alxal = gkt = gtk = ghkgl = yry

X*y = y*X . (G,*) is an abelian group.

x1*H=H*x1



4. Show that the composition of semigroup homomorphism is also a semi group
homomorphism.

Proof:
(ho g) (@*b) =h(g(a*b)
=h(g(a) Ag (b)) (.9 isa homomorphism)
=h(g(a) ®h (g(b))  (..hisahomomorphism)
=(ho 9) (a) @ (ho 9) (b)
Hence ho gis a seni group homomorphism from (S,*) to (V, @)
5. Define Group.
Solution:

A non empty set G together with the binary operation *, ie. , (G,*) is called a group if *
satisfies the following conditions.

)] Closure: a*b €G, foralla,b €G

i) Associative: (a*b) *c = a*(b*c), for all a,b,c €G.

iii) Identity: There exists an element e €G called the identity element such that a* e =
e*a=a, foralla €G.

iv) Inverse: There exists an element a* G called the inverse of ‘a’ such that a*a™ = a!

*a=e, foralla €G.

6. Prove that in a group the only idempotent element is identity element.
Proof:
Let (G,*) be a group.

Assume that a G is an idempotent element. Then we have

a*a=a

a=a*e
=a*(a*al)
= (a*a)*a’
=a*a’

a=e






ie., Idempotent element a is equal to the identity.
7. Inagroup (a-1)-1 =a, a €G. (or) The inverse of a-1 is a.

Proof:
Let (G,*) be a group.
Let e be the identity element.
We know that
a*a=ze=a*al,ae G
(@h)*(at*a) = (@) * e
= (ah)?
But (@t)!*al)*a=e*a
=¥
From (1) & (2) we get

(@hl=a [ Note: The above property is involution law]

8. In agroup G prove that an element a G such that a?=e,a zeifa=a™.
Solution:
Assume that a = a-!

a?=a*a=a*alt=e
Conversely assume that

a®=e,aze
a*a=e¢e

a'*(a*a) =al*e
(a**a)*a=a?

e*a=a"l

a=at



9. Isomorphism
Defination:
A mapping f froma group (G,*) to a group (G’, A) is said to be an isomorphism if

)] f is ahomomorphism. f(a*b) = f(a) A f(b), for all a,b €G.
i) f is one-one. (Injective)
i) f is onto. (Surjective)

In otherwords a bijective homomorphism is said to be an isomorphism.
10. Normal subgroups.
Let H be subgroup of G under *.
Then H is said to be a normal subgroup of G, for every x €G and for h eH,
if x*h*xt eH
x*H*x! cH

Alternatively, a subgroup H of G is called a normal subgroup of G if x*h=h*x for all
x €G.

PART -B

1. Let S =QxQ, be the set of all ordered pairs of rational numbers and given by
(a,b)*(x,y)=(ax,ay+b)

i) Check (S,*) is a semigroup. Is it commutative?
if) Also find the identity element of S.
Solution:

)] (1) Closure Property:
Obviously * satisfies closure property.
(2) Associative Property:
Consider,
[(a,b)*(x,y)I*(c,d)
= [ax,ay+b)*(c,d)]
= [axc, axd+(ay+b)]
= [axc,adX+ay+h] ....ocoviiie 1)



Now,
(a,b)*[(x,y)*(c.,d)]
= (a,b) * [xc,xd+y]
= [axc,a(xd+y)+b]
=[axc,axd+ay+Db]
=[acx,adx+ay+h] ..o, (2)
From (1) & (2) we have
[(a,b)*(x,y)I*(c,d)
= (a,b)*[(x,y)*(c,d)]
. *lisassociative
- (S, *) is semigroup.
Commutative Property:

@b)*(xy) =(axay+b) (3)
(xy) *(ab) =(xa xb+y)
=@, bx+y) (4)

From (3) & (4)
(a,b) * (x,y) = (x,y)*(a,b)

. (S, *) is not commutative.

(ii) 1dentity Property:
Let (e1, e2) be the identity element of (S,8)
Then for any (a,b) €S
(a,b)* (e, e2) = (a,b)
(a ey, ac2+ b) = (a,b)
—aei=aandaex+b=Db

er=lande;= b;b =0, (a=0)

.. The identity-element = (e1, €2)
=(1,0)

2. The necessary and sufficient condition that a non-empty subset H of a group G to be a

subgroup is a,beH = a*b! €H, forall a,o €H (closure).

Proof:

Let us assume that H is a subgroup of G. Since H itself is a group, we have for a ,beH = a*beH

(closure)



SincebeH =b'leH ( H is a subgroup)
ForabeH =—ab'eH

—a*bleH ( H is a subgroup)
Sufficient condition:
Let a*bteH, for ab eH
Now we have to prove that H is a subgroup of G.
)] Identity: Let aecH
—aleH
—a*ateH
—eeH Hence the identity element ‘e’ eH.
i) Inverse: Let a,e eH
—e*aleH

= ateH Every element ‘a’ of H has its inverse a? is in H.

iii)  Closure: Letb eH =bteH
For ab eH =ab'leH

=a*(b1)? eH =a*beH Hisclosed. H isa subgroup of G.

3. If * is the operation defined on s=Q*Q, the set of ordered pairs of rational numbers
and given by (a,b)*(x,y)=(ax,ay+b),

a) Find if (s,*) is a semigrpoup. Is it commutative?
b) Find the identity element of S
c) Which element, if any, have inverse and what are they?

Solution:

a) {(@*b)*(x,y)*(c*d)
=(ax,ay+b)*(c,d)



=(acx,adx+ay+b) Now,

(a,b)*{(x,y)*(c.d)}

=(a,b)*(cx,dx+y)
(acx,adx+ay+b)

Hence , * is associative on s.
{s,*} is a semigroup.
Now (x,y)*(a,b) = (ax,bx+y)#(a,b)*(x,y)

{s,*} is not commutative.

b) Let (e1,e2) be the identity element of {s,*}, Then for any (a,b)eS,
(a,b)*(e1,e2)=(a,b)
le. (ae1,ae2+b)=(a,b)
ae1=a and ae2+b=b
e1=1 and e2=0 since a#0
The identity element is (1,0)

c) Let the inverse of (a,b) be (c,d) if it exists

Then (a,b)*(c,d)=(1,0) le.
(ac,ad+b)=(1,0) ac=1 and
ad+b=0

ie. c=1/a and d=-b/a, if a#0

Thus the element (a,b) has an inverse if a#0 and its inverse is (1/a, - b/a).
4. Lagranges Theorem:

Let G be a finite group of order ‘n’ and H be any subgroup of G. then the order of H divides
the order of G. ie. O(H)/ O(G)

Proof:

Let (G,*) be a group whose order isn. O(G) =n



Let (H,*) be a subgroup of G whose order is m.
OH)=m

Let hi,hz,hs,.... ,hm be the ‘m’ different elements of H.
The right coset H *a of H in G is difined by

H*a = {hi*a, ho*a,.....,hm*a}, ac G.

Since there is a one-one correspondence between the elements of H and H*a, the elements of H*a
are distinct.

Hence each right coset of H in G has m distinct elements.

We know that any right cosets of H in G are either disjoint or identical.
The number of distinct right cosets of H in G is finite (say K). [G is finite]
The union of these K distinct cosets of H in G is equal to G.

Let these K distinct right cosets be

H*a1, H*az, H*as,..., H*ax

Then G = (H*a1)U(H*a2) U, ....., U (H*a)

O(G) = O (H*ay) + (H*a2) +, .....,+O(H*ax)

N=m+m+..... + m(k times)

N =km

—k = E ie. E:k ie. O(G) —k

m m O(m)
since k is an integer (time), mis a divisor of n.
=0(H) is a divisor of O(G)

=0(H) divides O(G). This proves the Lagrange’s theorem.



UNIT-5
LATTICES AND BOOLEAN ALGEBRA

PART-A

1. Provethat a+ab=a+b
Soln:
L.H.S=a+ab

—a+ab+ab (since a=a+ab)

=a+b(a+a)

=a+b(1)

atab =a+b

2. Define Lattice .

A Lattice is a partially ordered set (poset)(L, < ), in which for every pair of elements a,b €L,
both greatest lower bound (GLB)and least upper bound (LUB)exist.

3. Define an equivalence relation

Let abe any set R be arelation defined on X. If R satisfies Reflexive, symmetric and
transitive then the relation R is said to be an equivalence relation.

4. Let (L,A,Vv) be alattice . Then forany a,b,c € L, aA a=aand av a=a.
Proof:

ava=LUB(a,a) =LUB(a) =a

ava=a

Now ana=GLB(aa) =GLB(a) =a
ana=a.
5. Let a,b,c €B. Show that (1) a.0=0 (2) a+1=1.
Solution:
a.0 =(a.0)+0

= (a0)+(aa)



=a(0.+a)



=a.a
=0.
By taking dual of a.0= 0, we have a+1=1.

6. Show that in a Boolean algebra the law of the double complements holds.

Soln:
It is enough to show that a+a =1 and a.a =0

By domination laws of Boolean Algebra we get

a+a =1 and a.a =0

By commutative laws we get a +a =1 and a .a=0
Therefore complement of a'is a

(@) =a
7. Draw the hasse diagram for {(a,b)/a divides b} on{1,2,3,4,6,8,12}.
Soln:

The Relation R is
{(1,2)(1,3)(1,4)(1,6)(1,8)(1,12)(2,4)(2,6)(2,8)(2,12)(3,6)(3,12)(4,8)(4,12)(6,12) }

8 12
4 6
2 3

8. Show that in a Lattice ifa<b and c<d, thenaanc<bAd.
Soln:
Givena<b—=a Ab=a

c<d=cAd=c

Claim:a ¢ b d.



(@arc)a(bad)=anc
Now, L.H.S=(aAc)A(bad)
=an(cab)ad
=an(bac)ad
=(anb)A(cad)
(@anc)a(bad)=anc.
= anc < bad.
9. Prove that any Lattice homomorphism is order preserving.
Proof:
Let f:L:->L> be a homomorphism.
Let a<p
Then GLB {a,b}=aAb=a
LUB{a,b}=aV b=b
Now f(a » b)=f(a)
f(a) A f(b)=f(a)
GLB {f(a) ,f(b)}=f(a)
Therefore, f(a) = f(b)
Ifa<b= f(a) = f(b)
Therefore, f is order preserving.
10. Define bounded lattice :

Let(L, A, v) be a given lattice. If it has both ‘0’ element and ‘1’ element then it is
said to be bounded lattice. It is denoted by (L, A,v0,1) .

PART-B



1. If R is the relation on the set of integers such that (a,b) R if and only if b=a™ for some
positive integer m, show that R is a partial ordering.

Soln:
Since a=a!, we have (a,a) €R

Therefore R is reflexive ,

Let (a,b) €R and (b,a) eR

b=a™ and a=b" (1)
where mand n are positive integers.
a=(b)"=(")"
:amn
Which means mn=1 or a=1 or a=-1 using (1)
Case(i):if mn = 1 then m=1 and n=1.
Therefore a=b
Case(ii): if a=1, then from (1),
b=1"=1=a
if b=1, then from(1)
a=1"=1=Db
therefore a=b
Case(3):
If a=-1, then b=-1
Therefore a=b,
In all 3 cases, a=b
therefore, R is antisymmetric.
Let (a,b) eR and (b,c) eR

i.e, b=a™ and c=b"



c= bn:(am)n:amn
c=am
therefore (a,c) €R,
therefore R is transitive.

R is a partial order relation.

2. Let R be a relation on a set A. then define R ={(a,b) € AXA/(b,a) e R} Prove that if (A,R)
is poset then (A,R™?) is also a poset.

Soln:
Given A is finite set.
R={(a,b)} is a partial order relation on A.
Claim:
R1={(a,b)} is a partial order relatin.
Since (a,a) €R
R1={(a,b)} is a reflexive.
Given R is antisymmentric.
(a,b) eRand (b,a) eER=a=p
Since (a,b) €R =(b.a) eR™!
(b,a) eR =(ab) eR™*
(a,b) eRtand (b,a) eRY = 3=p
Therefore Ris antisymmentric.
Given R is transitive,
(a,b) eRand (b,c) eR=(a,c) €R
Since (ab) €R =(ba) eR?

(b,c) €R =(cb) eR?



(c.b) eR*and (b,a) eR*=(c,a) eR™
Therefore R2is transitive.
Therefore Ris partial order relation.
Therefore , (A,R™) is a poset.
3. State and prove distribute inequality of lattice.
Statement :
Let (L, A,V) be a given lattice for any a,b,ce L, the following in equality holds.
(i) av(bac)<(avb)a(avec)
(i) an(bvc)=(anb)v(anc)
Proof:
Claim-1: av(bac)<(avb)a(avc)
From the definition of LUB , it is obvious that
a<avb (1)
and bac <b<avb
= bac<avb )
From (1)& (2) , av b is an upper bound of {a, bAC }
Hence avb > av(bac) (A)

From the definition of LUB , it is obvious that

a<avc (3)
and bac <c<avc
= bac<avec 4)

From (3)& (4) , av ¢ isan lower bound of {a, bAacC }

Hence avc > av(bac) (B)



From (A) &(B) , we have av (b ac) isa lower bound of {avb,avc}

Therefore
av(bac)<(avb)a(avec)
Hence the proof (i).
Claim -2:
an(bvc)>(anb)v(anc)
We know that ,
a> (aab)
and bvc>b>(anb)
= bAac>(anb)
From (1)& (2) , (@Ab) isanupper bound of {a, bvc}
Henceaab < ana(bvc)
From the definition of LUB, it is obvious that
a>anc
and bvc>c>anc
= bvc>anc
From (3)& (4), avc isan lower bound of { a, bAacC }

Hence anc< an(bvec)

(1)

()

(©)

(3)

(4)

(D)

From (C) &(D) , we have A a(bvc)isaupper bound of {anb,avc}

Therefore an(bvc)>(anb)v(anac)



Hence the proof (ii).
4. In a Complemented , distributive lattice, show that the following are equivalent.

a<be anb=0 <@avb =1 < b<a

Solution:
) = i)
Let a<hb
Then aab=aandavb=b (1)
anb =((anb)ab) using (1)

=(aAb ADb) (associative law)
=an0
=0.

Hence a<b= aab=0
() = iii)
Let aab=0
Take complement on both sides, we have
(anb) =(0)
avb =1

~ arb=0=avb =1

(i) =iy
Let al vbh =1
=(a vb)Ab=1Ab (by cancellation law)

— (@ Ab)v(bab)=b



— (@ Ab)vO=b
— (@ Ab)=b
b <a
Lavb =1 = b<a
V) =
Let b <a
Then (a Ab)=hb

Take complement on both side s

(@ab) =)

=avhb =b
=p>a
Oras<b

5. In any Boolean algebra, show that a=b iff ab+ab=0

Soln: Let (B,.,+,0,1) be any Boolean Algebra.

Let a,b B and a=b
Claim: ab+ab =0
Now, ab+ab=ab+ab

=a..at+a.a

=040 (c

ab+ab=0

Conversely, Assume 364. z;b =0

1)

aa =0))



:a+ab_+a_b:a
— a+ab=a
— (a+a).(a+b)=a
= l.(a+b)=a
= (a+b)=a
Consider, ab+ab=0
— ab+ab+b=b
—ab+b=b
= (a+b).(b+b)=b
= (a+b).1=D

—a+b=b

(Left cancelation law)
(Absorption law)

(distributive law)

(Right Cancelation law)

(Absorption law)

(distributive law)
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